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The following are derivations of the entire equations of motion used in FAST for a 2-bladed turbine configuration. The various portions of the
equations of motion are organized according to their source. The equations of motion of a 3-bladed turbine are very similar.

By a direct result of Newton’s laws of motion, Kane’s equations of motion for a simple holonomic system with 22 DOFs can be stated as follows
(Kane and Levinson, 1985):

F+F =0 (r=12...22)

where, for a set of w rigid bodies characterized by reference frame N, and center of mass point X :

the generalized active forces are: F = z EyX . FY + Pt M (r =12,. ..,22)

and the generalized inertia forces are: F = Zw: EyXi -(—mN" Fa%i )+ Fali -(—EHN’ ) (r=1,2...,22)

r

where it is assumed that for each rigid body N,, the active forces are applied at the center of mass point X,. The time derivative of the angular

momentum of rigid body N, about its center of mass X, in the inertial frame can be found as follows:

(HN,» )+EwNiXEHNi
RN = or

TFN, E_N;, E_N; _JN, E_.N,
I “a" "+ " xI""-"w"

For the wind turbine modeled in FAST, the mass of the platform, tower, yaw bearing, nacelle, structure that furls with the rotor, hub, blades,
generator, and tail contribute to the total generalized inertia forces as follows:

F =F

X T N R

+F,*‘ +F,*‘ +F
H " |BI " 1B2 r

L (r=12..,22)

Generalized active forces are the result of forces applied directly on the wind turbine system, forces that ensure constraint relationships between the
various rigid bodies, and internal forces within flexible members. Forces applied directly on the wind turbine system include aerodynamic forces
acting on the blades, tower, and tail fin; hydrostatic, hydrodynamic, mooring and/or foundation elasticity and damping forces, including added mass
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effects, acting on the platform; gravitational forces acting on the platform, tower, yaw bearing, nacelle, structure that furls with the rotor, hub, blades,

tip brakes, and tail; generator torque; HSS brake; and gearbox friction forces. Forces that enforce constraint relationships between the various rigid

bodies include springs and dampers for yaw, rotor-furl, teeter, and tail-furl (the simple workless constraint forces, for example frictionless pins or

rigid connections, do not contribute to the generalized active forces). Internal forces within flexible members include elasticity and damping in the
tower, blades, and drivetrain. Thus,

F; - F; AeroT + F;’ AeroB1 + F;” AeroB2 + E’ AeroA + F:’ HydroX + F; GravX + F;’ GravT + E’ GravN + F; GravR + E’ GravH + F:’ GravB1 + F; GravB2 + F:’ GravA
I |SpringYaw + E DampYaw + F: SpringRF + Fv’ DampRF + F:’ SpringTeet + F; DampTeet + E SpringTF + Fv’ DampTF + F‘r Gen + F‘r Brake + "|GBFric (7" - ]’ 2" : ’22)
+ F; ElasticT + F:’ DampT + F;’ ElasticB1 T F; DampB1 + F:’ ElasticB2 T F; DampB2 T E’ ElasticDrive T ' I|DampDrive

Kane’s equations of motion can be written in matrix form as follows:

[Clq.0)lg}+1{/(g.9.t)}= {0} or,  [Clg.0)lig}=1{-1(g.q.0))
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Platform:
The rigid lump mass of the platform brings about generalized inertia forces and generalized active forces associated with platform weight,
hydrodynamics and hydrostatics, and mooring line and/or foundation elasticity and damping, including added mass effects.

o= -(—mX an)+ FaX -(—EHX) (r=12...,22) where m* = PtfmMass
Thus,

N = Eyy -(—mX an)+ X -(—TX Fa¥ —Fao¥<T¥. EwX) (r =12,..., 22)
where I = PtfmRInera,a, + PtfnYInera,a, + PtfnPlnera.a,
Or,

6 6 _ 6 _
Fr* ) _ Evf -L—mX {[z Ev:/qij+|:z%(lsviy)q-i}}]+Eer _|:_7X (z Ewixqij_waxjx . wa:| (r:],Z .... 6)
i=1 i=4 i=4
Thus,

[C(q,t)]‘x (Row,Col)=m* "vy, - v, + Fap,, T wly; (Row,Col=1,2,...,6)

(=1 (.9.0)}|, (Row)=—-m" *v},, {i%( Ev,-y)éi} oy, (P xT* Fo*) (Row=1.2,...,6)

i=4

=Fyr ~(—ngz2) (r=34...6) where g = Gravity

GravX

Thus,
=0

[C(q,t):l GravX

{—f(q', q,t)} - (Row) =-m'gv}, -2, (Row =3,4,.. .,6)

r

=5y Fy L Rer MY (r=1,2,...,22)

r | HydroX r Hydro r Hydro

where the equivalent loads acting at the platform center of mass are related to F,fyd and M Ify%zm because the platform is rigid as follows:

ro
Y _ z X@Y __ X@zZ YZ z _ X@Z zy z
FHydro - FHydr() and M = M +r X F = M —-r X F

Hydro Hydro Hydro Hydro Hydro

since r'% =%,



But since v} = *v? + Fo xr”", this generalized active force can be expanded to:

_(E,Z E_ X zy \ pZz E_ X Xez _ ZY z
HydroX _( vr + wr xr ) FHydr0+ wr (MHydra r ><FHydro

) (r=12...,22)

r

Now applying the cyclic permutation law of the scalar triple product, the generalized active force simplifies to:

= EyZ FE, +P0X MY (r=12...6)

| Hydrox — r Hydro r Hydro

But,
6 6

where, ] j

F,fy,,,yj:_[jafvf} (j=12...6) and Mg%f:_[ﬁaywj (j=12....6)
i=1 ' i—4
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with a; (i,j=1,2,...,6) being the added mass coefficients (or equivalently, [a] being the added mass matrix), F}fydmj (j=1.2...,6) and

M gy@fm! (j=1.2,...,6) being the partial hydrodynamic added mass forces and moments, and F, Ifydrur and M,**

and M ny%fﬂ that don’t depend on platform accelerations.

Thus,

r

6 6

Fpar = Eyz .KZF,;M,,}F;WM’} E X .KZM,’;%_@}M;%} (r=12...6)
Jj=1 Jj=1

and

[C(q’t)] HydroX
{~f(g.q.1))

(Row, Col) = [a](Row, Col) =-FyZ F7

Hydroc,,

— Lo, -Mysr — (Row,Col=1,2,...,6)

Hydroc,,

_E_Z V4 E_X X@z _
Hyde(Row)— Viow Finaro, + O Mie,  (Row=1,2,...,6)

being the contributions to F/

Hydro
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Tower:
The distributed properties of the tower bring about generalized inertia forces and generalized active forces associated with tower elasticity, tower
damping, tower aerodynamics, and tower weight. Note that I eliminated the tower mass tuners, since it is redundant to have both mass and stiffness
tuners when trying to tune tower frequencies (to tune the frequencies for individual modes, all that is needed is to tune the mass or the stiffness for
the individual modes, but not both). Note also that I eliminated the tower stiffness tuner’s effects on the gravitational destiffening loads. It is also
beneficial to eliminate the tower mass tuners because the tower mass density is needed to compute the tower base loads and thus these tuners affect
the tower base loads directly—this makes the form of the tower base load equations considerably more complex and considerably less intuitive.
Since the tower elastic stiffness does not directly influence the tower base loads in a fundamental way, the retention of the tower stiffness tuners is
much more favorable than the retention of the tower mass tuners (recall that only one set of tuners needs to be retained in order to permit the user to
match natural frequencies). The elimination of the tower stiffness tuner’s effects on the gravitational destiffening was done for the same reason (i.e.,
the gravity loads directly affect the tower base loads, and thus, tower stiffness tuners make the form of the tower base load equations considerable
more complex and considerably less intuitive). The fact that the gravitational destiffening of the tower is small compared to the overall stiffness of
the tower is another reason this elimination of stiffness tuning effects should not be of significant concern.

TwrFlexL

=— I w' (h)Ev] (h)-“a" (h)dh—YawBrMass v - *a® (r=12,...,22) where u' (h)= AdjTwMa-TMassDen (h)

F;T:-MTXLM(;Z)Evf(h).{:z”[Ev,.f(h)qui%(Evf(h))qi}}dh-YawBrMassEvf-{[z%oq,j [z jt (s ,.O)ql]} (r=12.....10)

0 i=4 i=4
Thus,

TwrFlexL
[C(q,t)]‘T (Row, Col) = J. u' (h) By aom (h) vl (h)dh +YawBrMass *vj,, - Fv, (Row, Col=1,2,.. .,10)
0
TwrFlexL

{—f(q,q,t)}‘T (Row)=— .[ w1 (7)) Evig, (h){i%[‘gvf (h)]qi}dh—YawBrMassEvgow [i%(‘gvlo)ql} (Row=1,2,...,10)

0 i=4 i=4

k! ;TFA

qTFAI k’TFA qTFA2 fOV r = TFA]
ov'” —k', ’TSS Grssi =K' Gres;  for r=TSSI
" |ElasticT =T (7" - ]’ 2’ e 22) SO’ 7 ElasticT _k ’TFA qTFAI - k 'TFA qTFA2 fOV r=TFA2

0
& k’TSS Arss; — k’TSS Grss; Jor r=TS52

0 otherwise
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k"™ and k';SS are the generalized stiffnesses of the tower in the fore-aft and side-to-side directions respectively when gravitational

where

destiffening effects are not included as follows:

TwrFlexL 2 .TFA d TFA
k7™ = JFAS(Tunr (i) FAStTunr () | EITFA(h)d ‘/th( ) ¢dh( )

0

where EI"™ (h) = AdjFASt - TwFAStif (h)

and

dh (i,j=1,2) (which is symmetric)

TwrFlexL 2 .TSS d 7SS
k' = [SSStTunr (i) SSStTunr (j) | EITSS(h)d ¢;1h2( ) ¢dh( )

0

where EI™ (h) = AdjSSSt- TwSSStif (h)

dh (i,j=12) (whichissymmetric)

The coefficient in front of the integral in these generalized stiffnesses represents the individual modal stiffness tuning, which allows the user to vary

the stiffness of the tower between the individual modes to permit better matching of tower frequencies. To be precise, the tuner coefficient only
really makes sense when working with a generalized stiffness of a single mode (i.e., k", k'L, k'T>, or k'1%), in which case the coefficient for
mode i is simply FAStTunr(i) or SSStTunr(i). However, since the cross-correlation elements of the generalized stiffness matrix will, in general,

not vanish, the coefficient in the form above permits the tuning to apply to these terms in a consistent fashion.

Similarly, when using the Rayleigh damping technique where the damping is assumed proportional to the stiffness, then

TFA ;TFA TFA yTFA
Sk G TR

yTFA —ara Qe ,TFA G, Jor r=TFAI
1 T 2
TSSk 1TSS TSSk 1TSS
=L S q 12 o _
B i7ss drssi — 7ss_ 41ss2 Jor r=TSS1
T] Tf
é«TFA k ;TFA é'TFA k ;TFA
7 DampT 51 o . Sy Ky . _
(TFA qTFAI yTFA qTfAZ fOl" r = TFA2
1 T 2
é/TSS k !TSS é/Tss k ,TSS
/TSS qTSSI !TSS qTSSZ fOl’ r = TSS2
7Z'f Tf
0 otherwise
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where ¢ and ¢ represent the structural damping ratio of the tower for the i mode in the fore-aft and side-to-side directions,

TwrFADmp(i)/ 100 and TwrSSDmp(i)/ 100 respectively. Also, f'7™ and f'™° represent the natural frequency of the tower for the i mode in
the fore-aft and side-to-side directions respectively without tower-top mass or gravitational destiffening effects. That is,

1TFA 1TSS
1TFA ] k i 1TSS ] k ii
f i - 2 1TFA and f i - 2 1TSS
T m i T m i

where m'"™ and m'"*® represent the generalized mass of the tower for the i mode in the fore-aft and side-to-side directions respectively without

tower-top mass effects as follows:
TwrFlexL

= T (W e (R (5= 1.2)

0

and
TwrFlexL

S = [ () (e (R)dh (i.7=1.2)

0
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Thus,
Cl(qg,t :I =0 and Clg,t ] =0
I: (q ) ElasticT [ (q ) DampT
................................................................. TFAk’TFA TFA g, 1TFA
s i _ g k' 6, K
K1 Grear — K 12 Yreaz 7 T 9rra; 7 {1 Q174>
_k'TSS ............... _k’TSS ................ f !
11 49rssi 12 Y9rss» TS5 7SS 1S5 1 1155
k'TFA ..................... k S SR L K
K51 Grpa —K 2 Grpaz TS AL g ptss A2
................................................................. 1 2
118 PSR
Ko Grssi TR 5 rsso TrA T TR
o ra drrar — - ra d1Fa2
{_f (q, q} t)} 3 4 BT P PP PP P C PP C PO P RCrPrCrrrerereren 1 2
ElasticT 7S5 ) /755 7S5 1 /7SS
................................................................. {—f(qqt)} _ _4/1 21 q _Cz 22 6]
vty - , 7SS 17SS1 /1SS 17152
DampT ; ﬂ-f P
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TwrFlexL

o = j Ey! (h)-[—,uT (h)gzz]dh+ Ev? . (~YawBrMass- gz,) (r=3,4,...,10)
0
Thus,
~0

[C(q,t):l GravT
{~f(d.9.0)}

r

TwrFlexL

- (Row)=— j 1 (h) g vy (h)-2,dh—YawBrMass - g “vy,, -z, (Row=3,4,...,10)
0

TwrFlexL

E| = j [ “0) (h)-F o (h)+ " of (h)-M, . (h)|dh (r=1,2,...,10)

7
0

where Fj, . (h) and M7, . () are acrodynamic forces and moments applied to point T on the tower respectively expressed per unit height.
Thus,
=0

[C(q’t):l AeroT
{~f(@q.0)}

TwrFlexL

(Row)= [ [P () Flpy (B)+ Pl () MYy (W) ]dh (Row=1,2....,10)

0
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Yaw:
The yaw spring and yaw damper bring about yaw moments.

3 —YawSpr(qYaw — YawNeut) for r=Yaw and _ |~YawDamp-qy,, for r=Yaw
7| SpringYaw 0 otherwise 7| DampYaw "~ 0 otherwise
Thus,
[C(q’ t)]SpringYaw = 0 and [C(q’ t)]DampYaw = 0
) —YawSpr (q = YawNeut) . _YaWDamquaw
{—f(q,q,t)} e _ Y. {—f(q, q,t)} — R ot 144

Jason M. Jonkman
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Nacelle:

The rigid lump mass of the nacelle brings about generalized inertia forces and generalized active forces associated with nacelle weight.

r* =Eer-( —-m" Eaq U)+ a) (—EHN) (r:],Z ..... 22) where m" = NacMass
N
Thus
F;*N=Evf’-( -m" £a U)+ o (—TN-EaN—EwafN-EwN) (r=12...,22)
where T :[NacYIner—m (NacCMxn + NacCMyn’ )]d d,
Or,
F| =E E. U HdEU E_N 7N ”EN-- ”dEN- EN;NEN —72 11
= qul ;dt(i)q' + ", | 1" - ;wiqi+;E(wi)ql_ —"w" x Yo (r—, ..... )
Thus,

[C(q,t)]‘}v (Row,Col)=m" Py, - Fve, + Foy,, - . fwl, (Row,Col=1,2,...,11)

{—f(é,q,t)}\N(ROW)=—m”v1'?,,w-[id(E U)qi fop,, - {7”-[id(wav)q}EwaTN-EwN} (Row=1,2,...,11)

i dt i dt

=y (-mVgz,) (r=34...11)

" |GravN

Thus,

[Cla.0)] gy =0
{—f (q,q,t)}

(Row) -m" g vy, 2, (Row:3,4 ..... 11)

GravN
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Rotor-Furl:
The rotor-furl springs (linear and stops) and rotor-furl dampers (Coulomb, linear, and stops) bring about rotor-furl moments.

—RFrISpr- 4,
—IF | qus,, > RFrIUSSP, RFrIUSSpr (., — RFrIUSSP),0]  for r=RFrl

L -
YU —IF [ qupy < RFYIDSSP, RFYIDSSpr (g, — RFrIDSSP), 0]

0 otherwise

and
~RFrIDMp -4y~ IF | Gy <> 0, RErICDmp - SIGN (i, ),0 |

I | -IF [qRFr, > RFrlUSDP, RFriUSDmp - q'RFrl,O] for r=RFrl
e — IF [y < REFIDSDP, REFIDSDmp -y, 0]

0 otherwise
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Thus,

[C(a.1)]

=/ (q.9.1)}

=0

SpringRF

SpringRF

—RF. riSpr - Gy
—IF [ qyp,y > RFFIUSSP, RFrlUSSpr (g, — RFFIUSSP),0 |

— IF [ qyp,y < RFIDSSP, RFrIDSSpr (g, — RFrIDSSP),0 |

Jason M. Jonkman
FASTKinetics.doc
1/13/2025



14

and

[C(q.1)]

{-f(d.q.0)}

=0

DampRF

DampRF

—RFrIDMp sy — IF | Gy <> 0, RErICDmp - SIGN (1, )0 |
—IF [qysy > REFIUSDP, RFrIUSDmp - 4 ,,.,0]
—IF [ gy, < RFrIDSDP, RFrIDSDmp - §,,,,0]

Jason M. Jonkman
FASTKinetics.doc
1/13/2025
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Structure That Furls with the Rotor (Not Including Rotor):
The rigid lump mass of the structure that furls with the rotor (not including the rotor) brings about generalized inertia forces and generalized active
forces associated with the structure’s weight.

E.*‘R =fy? -(—mR Ea”)+ ok -(—EHR) (r=12...,22) where m" = RFriMass
Thus,

" o Ey? -(—mR EaD)+ ol -(—TR Fa® - FotxI*. EwR) (r :],2,...,22)
where I*= [RFrlIner —m" ‘rVD - rfa rfar}rfa rfa or

(RFriCMxn— RFrantxn)2 [1 —cos’ (RFriSkew)cos’ (RFrlTilt)]

+ (RFrlCMzn — RFrantzn)2 cos’ (RFrlTilt)

= +(RFriCMyn - RFrlPntyn)’ | 1-sin’ (RFriSkew)cos’ (RFrITilt) |

I'® =| RFrllner — RFrIMass rfarfa

(RFrlCMxn - RFrantxn) (RFrlCMzn — RFrantzn) cos (RFrlSkew) cos (RFrsz'lt) sin (RFrlTilt)
-2 + (RF rICMxn — RF rantxn) (RF rICMyn — RF: rantyn) cos (RF rlSkew) sin (RF rlSkew) cos’ (RF riT ilt)
+(RFrICMzn— RFrIPntzn)( RFrICMyn — RFrlPntyn) sin( RFriSkew)cos (RFrITilt ) sin( RFrITilt)

Or,

F'| =52 | —m® iEv.Dq. + ii(‘gv.”)qﬂ +EgR .| _TR. iEw.Réj + ii(Ew.R)cj _EgpR TR EgyR (r:]2... ]2)
r g r — i 1i — dt i i r — i 1i e dt i i » &y s
Thus,

[C(q,t)]‘R (Row, Col) =m*Fv) - EvE +Fop T* Fof, (Row, Col=12,..., 12)

{—f(q, q,t)}‘R (Row) =-—m" Evlfow [

12

12 d ) — d . _
zg(%f)%}%z’fow'{IR'{ZE(wa)q,}Ew"xI”-Ew"} (Row=1,2,...,12)

i=4 i=7
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o = 00 (-m"gz,) (r=34...12)
Thus,
[C(q,t)] Gravk 4
{~f(a.q1)}| (Row)=-m"g"vp, -z, (Row=34,..12)
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Teeter:

The teeter springs (soft and hard stop) and teeter dampers (Coulomb and soft stop) bring about teeter moments.

~IF | |gy,,| > TeetSStP, TeetSSSp - SIGN (1, ) (|4 ree| — TeetSStP), 0]
for r="Teet

Egpingreas =) —IF [|qu, > TeetHStP, TeetHSSp - SIGN (qy,,, )(|Gr.., |~ TeetHStP), 0]

0 otherwise
and

~IF [ 4y, <> 0,TeetCDmp - SIGN (gy,,,).0 |

for r="Teet
| DampTeer = —IF [ G1.0| > TeetDmpP,TeetDmp - g, ,0]

0 otherwise

Jason M. Jonkman
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Thus,

[C(q’ t)] SpringTeet = 0

SpringTeet

{(~f(d.9.1)}

qTeet qTeet

—IF|

> TeetSStP, TeetSSSp - SIGN (qy,,, )

—TeetSStP),0 |

qT eet qT eet

— IF | |qy,. | > TeetHStP, TeetHSSp - SIGN (gr,,,)(|¢1..| - TeetHStP) 0]
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and

[C(q’ t)] DampTeet =0

DampTeet

{~f(4.q.1))

~IF | 4y, <> 0,TeetCDmp - SIGN (4, ).0 ]
—IF|

> TeetDmpP,TeetDmp - q,,,,, 0:|

qTeet
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Hub:
The rigid lump mass of the hub brings about generalized inertia forces and generalized active forces associated with hub weight.
: = Evrc'(—mH EaC)Jrwal-(—EHH) (r:],Z,...,ZZ) where m™ = HubMass
H
Thus,
Tlo= e '(—mH Eac)+ ol -(—TH Ea —EFof xTM. EwH) (r = ],2,...,22)
H
where

=v | Hublner —m" (UndSling - HubCM)2 Hublner —m" (UndSling - HubCM )2
I = 8.8t 8.8

cos’ (Delta3) cos’ (Delta3)
since it is assumed that the hub is essentially a uniform rod directed along the g3 axis and passing through the hub center of mass location (point C).
Hublner —m" (UndSling - HubCM)2 } <0
cos’ (Delta3)

Note that if? { , then there must be an error in the input file.

Or,

*

Fl = EyC.| - iEvc-- +EWC G4 ii(Evc)- +i(EvC )
H r iqi Teetheet d 1 i qi d 1 Teet qTeet

7
i=1 i=4

= & .. .. G od : d : =
+ wal (_IH {[; Ewinij-i_ Ewgetheet +|:ZE(Ele)qu| +E(Ew£et)qTeet}_ EwH XIH . EwHJ

=7 t

(r=12...,14;Teet)

Thus,
[C(q,t)]‘H (Row,Col)=m" Eye e+ Fon T". Fol, (Row, Col=12,..., 14;22)

. HE_C S d E_C\ - d E_C .
(=), Row) = 2s A 5 (56 [ (44

i=4

- wa{ow (?H .{{i%(wal)c]i}+%(’5wget)qnet}+ E )l <TH. EwHJ

(Row=1,2,...,14,22)

i=7
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Flpn ="V (-m"gz,) (r=3.4....14Teet)
Thus,
[C(q’t)]GravH = 0

{—f(ci,q,t)}\vaH(Row)=—mHgEv,$w-zz (Row=3,4,...,14,22)
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Blade 1:
The distributed properties of blade 1 bring about generalized inertia forces and generalized active forces associated with blade elasticity, blade
damping, blade weight, and blade aerodynamics.

BldFlexL

=— I w(r) v (r)-Fa® (r)dr —m®"™" £y (BldFlexL)- “a® (BldFlexL) (r=1,2,...,22)

r

s

3

0

where 1’ (r) = AdjBIMs"" - BMassDen" (r) and  m”"™ =TipMass (1 )
Or,

=) A ; J{ijt(b‘ J(r ))q,} [i%(ﬁ,ﬁl(r))qi}%(%ijﬂ( N)ine

i=4 i=16

dr

[ZE > (BldFlexL): ] (ZE > (BldFlexL)g j+Ev$’e,(BldFlexL)q'Tee, (r=12,...,14:16,17,18;Teet)
= i=16
18

14
1T E ST (Bla’FlexL)- 4{2%( Eyst (BldFlexL))qi:|+ [Z%( v (BldFlexL))qi}

i=4 i=16

d g
L (s (B,
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Thus,

BldFlexL

[C(a.t)], (Row,Col)= [ p™(r)vih, (r)- “v&s, (r)dr+m®™ vl (BidFlexL)- v, (BldFlexL) (Row,Col=1,2,...,14;16,17,18;22)

0
18

s (q,q,t)}\m(ROW)=—BM?MuB’(r)Ev;Z,’,w(r)-{i%('?v;”(r))quz d (Evf'(r))q,.}i(%;;,(r))qm}dr

0 i=4 i=16 dt dt

14 18
{Zi(Ev;w(BldFlexL))qi}_i_{zi(Evisz (BldFlexL))qi:' (Row:],2 ..... ]4;]6,]7,18,‘22)
_ 8170 B, S1 (BldFlexL)- iz dt i-16 At

Row
d o
i E( Ev}qelet (BldFlexL)) Dreer

_kIIBIIF qBIFI_k,Z]F 9pip, Jor r=BIFI

Z—GV,BI (r=] 2,... 22) So F _ _kIIBIIE qpiE1 for r=BIEI

| EtasticB 1 oq, 2£5enes ’ etasicns — | _piBIF o piBIF G fn e = BIF2
0 otherwise

where k’f " and k'P'" are the generalized stiffnesses of blade 1 in the local flap and local edge directions respectively when centrifugal-stiffening
effects are not included as follows:

BldFlexL d2¢»BIF (r) d2¢l_31F (r)
k' = \/FlStTuanI (i) FIStTunr® ( j) j EI"" (r) ld > ;1 —>dr (i,j=12) where EI*"" (r) = AdjFISt” - FipStff® (r)
: . r r

and

BldFlexL 2 BIE 2
kIIB;IE: J‘ E]BIE(’,)|:d1—(r)} dr

e where EI"" (r)= AdjEdSt™ - EdgStff™™ (r)
0 r

Similarly, when using the Rayleigh damping technique where the damping is assumed proportional to the stiffness, then
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é'B’IFk 1BIF ) gBIFk’BIF )
;z_f/BIF dpir1 — jZ' ,ZBIF dpir> fOV r=BIF]
é'BIEkIBIE )
~ 5iE 9Bkl for r=BIEI
E' DampBI ﬂ’-f

BIFkrBIF BIFk¢BIF

21 "2 4 2 2 ¢ _
1BIF —8ir Y9siF1 VBIF dpir> for r=BIF2
ﬂ'f Tfh

0 otherwise
where ¢ and ¢”'* represent the structural damping ratio of blade 1 for the /™ mode in the local flap and edge directions, BIdFIDmp®' (i)/ 100

and BIdEdDmp"”’ (i )/ 100 respectively. Also, f'*'" and f'"'* represent the natural frequency of blade 1 for the i mode in the local flap and edge
directions respectively without centrifugal-stiffening effects. That is,

/BIF rBIE
e 1 k', d IBIE _ ] k'
[ = 2_ pF Al N 2 (BIE
T \m'; T \m'

where m'?'" and m'?'" represent the generahzed mass of blade 1 for the i mode in the local flap and edge directions respectively without

centrifugal-stiffening and tip mass effects as follows:
BldFlexL

m’;IF — I ﬂBl (r)¢[BIF (}")¢le (I")dr (l,] :1,2)

0

and
BldFlexL

m;ﬁIE _ J‘ |:¢BIE )]2 dr
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Thus,

[C(q’ t)]ElasticBI =0 and [C(q’ t)]DampBI =0

{(~f(4.9.1)}

ElasticB1 - {_f (q’ g9, t)}

DampB1
BIF 7 BIF BIF j 1BIF
é’l k' S 2
,BIF ——5F 49s1r1 — ,BIF UEN
I g I 7f' ] s
BIF1 BIF2 ;BIEkyBIE
yBIE )
k' dgigs — - ,81E_4BiE1
krBIFq kyBIFq zf
BIF1 BIF2

BIF j 1BIF BIF . (BIF
_ 2 2
BiF 4BiF1 Bir 4Bir:
zf' 7f
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BldFlexL
E_ S1

F =— w2 (P g B3 (r) - z,dr —m®' g "v¥ (BldFlexL)-z, (r=3,4,...,14;16,17,18;Teet
GravB1 r 2 r 2

r
0

Thus,
[C(q’ t)]GravBI =0

{~f(@q.0)}

BldFlexL

 (Row)== [ p"(r)g" VL, (r)-zydr—m" g Fvil (BldFlexL) -z, (Row=3,4,...,14;16,17,18,22)

0

BldFlexL

A j [Evfl(r)~F/felmBl(r)+wa”(r)-Mﬁ’roBI(r)]dr+Ev,SI(BldFlexL)-FTfIfDmgBl(BldFlexL) (r=12,...,14;16,17,18;Teet)

7
0

where F§' . (r) and M} . (r) are aerodynamic forces and pitching moments applied to point S1 on blade 1 respectively expressed per unit span.
Note that M (r) can include effects of both direct aerodynamic pitching moments (i.e., Cm) and aerodynamic pitching moments caused by an

aerodynamic offset (i.e., moments due to aerodynamic lift and drag forces acting at a distance away from the center of mass of the blade element
along the aerodynamic chord).
Thus,

[C(q, t)]AeroBI =0

{~f(g.q.1))

BldFlexL

AeroB1 (ROW) - .[ I:Evz‘l’w (r).F/;SZmBI (7')+ Ew;‘;fw (r)'sz‘:g'oBl (7")] dl”
0

+ “Vu, (BldFlexL)- Fp ', p, ( BldFlexL)

(Row=1,2,...,14;16,17,18,22)
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Blade 2:
Just like blade 1, the distributed properties of blade 2 bring about generalized inertia forces and generalized active forces associated with blade

elasticity, blade damping, blade weight, and blade aerodynamics. The equations for F ‘*‘Bz , F.
those of blade 1.

and E| are similar to

ElasticB2 > ~ "|DampB2° ~ " |GravB2’ AeroB2
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Drivetrain:
The inertia of the drivetrain brings about generalized inertia forces and the load in the generator, high-speed shaft brake, gearbox (friction forces
resulting from nonzero GBoxEff') and the flexibility of the low speed shaft bring about generalized active forces. Note that all of these equations

assume that the rotor is spinning about the positive ¢ axis (they assume that the rotor can’t be forced to rotate in the opposite direction). This model
works for any gearbox arrangement (including no gearbox, single stage, or multi-stage) as long as the generator rotates about the shaft axis (it may
not be skewed relative to the shaft, even though it may rotate in the opposite direction of the low-speed shaft due to the gearbox stages). If there is no
gearbox, simply set GBRatio = GBoxEff' = GenDir =1 (GB Reverse = False).

The mechanical torque within the generator is applied to the high speed shaft and equally and oppositely to the structure that furls with the rotor as
follows:

oo =(F0f =Pl )-ME,, (r=12,...22)
Thus,
E_G 'MG _ G, A
e = {OwGeAz Gen ft);er;ise eAz where Mgen = —GenDir-TG@” (GBRatiO'quAz:t)c1

Note that a positive 79" represents a load (positive power extracted) whereas a negative T represents a motoring-up situation (negative power
extracted, or power input). Thus,

B {(GenDir -GBRatio - c, )-[—GenDir -T°" (GBRatio- quAz,t)cJ for r=GeAz

r

Gen - .
0 otherwise

Or since GenDir’ =1,
B {—GBRatio T (GBRatio . quAz’t) for r=GeAz
Gen

0 otherwise

r
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Thus,

[C(a.0)],,, =0

-/ (d.9.1)

Gen

—GBRatio-T%" (GBRatio- g, 1)

Jason M. Jonkman
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1/13/2025
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Similarly, the mechanical torque applied to the high-speed shaft from the high-speed shaft brake is applied equally and oppositely to the structure that
furls with the rotor. Thus,

E_G . MG — A
ke — { wGeAz Brake fOV r Ge z Where MG

30

=—GenDir-T"" (t)c, and where 7% (t)= HSSBrkT (1)

r

0 otherwise Brake
which is assumed to be positive in value always. Thus,
B {—GBRatio TPk (t) for r=GeAz

7| Brake —

0 otherwise
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Thus,

[C(q.1)]

=0

Brake

{(~7(4.9.1)}

Brake

~GBRatio-T*" (1)

Jason M. Jonkman
FASTKinetics.doc
1/13/2025
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If the translational inertia of the drivetrain is assumed to be incorporated into that of the structure that furls with the rotor, then the high-speed shaft
generator inertia generalized force is as follows:

|, = fof (17 Fa - P xT° Pl ) (r=12....,22)

F I° = Genlnerc,c,

r

where

or,

— 13 13
rG:Ea,rc.{_70{ZW@){Z%(W)%}} ExT°. Ewc} (r=12,..,22)

i=4 i=7

However, since ¢, %(E o, AZ) xc,- ( o xc,) " (¢, xe,)=0 (the first ¢, coming from 1), this simplifies as follows:

13 12
F| =F {—IG { ZE‘”: g: |+ Zj(Ew,G)ql } GxJ6.E G} (r:1,2 ..... 22)
i=4 L i=7 t _
Or,
_ERfG ]3EG~~ ]2dER~ 76 E,_G _ 12
of T°. Z g, |+ zdt( o; )% xI”- " for r =4,5,...,
i=4 L i=7 _
12
—GenDir - Genlner - GBRatzo{(z Ewqu] { i }} c,—GenIner-GBRatio2 oo
F| = i=7 dt for r =GeAz
G
—GenDir-GBRatiocl-( xI°.F G
0 otherwise

However since ¢, - ( o’ xc ) w® (¢, xe,)=0 (the first ¢, coming from T°), this simplifies again as follows:

0

(g

i=7

12
—GenDir - Genlner - GBRatio {[z ol J + {

i=4

12

2

i=7

d
=

E_R
i

22(5 ,-R)%}}—wa (Fer T - %)

for r=4,5,...,

[0} )q'l]}-c, — Genlner-GBRatio’ -§,,,. for r=GeAz

otherwise

12
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The terms associated with DOFs 4,5,...,12 represent the fact that the rate of change of angular momentum of the generator can be considered as an

additional torque on the structure that furls with the rotor (i.e., in addition to the torques on the structure transmitted directly from the low-speed
shaft).

Thus,
[C(q,t):” _ Ew,?ow T°- Ewgo, for (Row,Col = 4,5,...,]3)
g 10 otherwise
— 12 —
~ g, ‘{TG '[Z%(wa)q,}+ EoxTIC. EwG} for (Row=4,5,...,12)
i=7
. = 12 d )

{_f(q’q’t)}‘(; =1—"ag,, I° [Z‘E(E“%R)‘L} for (R0w= 13)

0 otherwise

ov, . ]
r|ElasticDrive = _% (7" = ]’2 """ 22) Where VDrive = EDTTOFSPV : qngr

So,

—-DTTorDmp-q,,, ~ for r=Drlr

0 otherwise

r

—DTTorSpr - = DrT,
= Orpr oy Jor r=DrIv - likewise F| =
ElasticDrive 0 ot h eVWi se DampDrive
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Thus,
[clg.0)],,..p =0 and likewise  [C(q.2)],,,. 1 =0
{_f (q’ 2, t)} ElasticDrive - {_f (q, E t)} DampDrive -

_DTTorSpr . quTr —DTTOI"Dmp ° quTr
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Similar to the generator and HSS brake, the mechanical friction torque applied to the high speed shaft is applied equally and oppositely to the
structure that furls with the rotor. Thus,

E_G G _ GBFric ( s+ -+
| T 0ge, Mg, for r=Gedz h ¢ _ T (q,q,q,t)cI
GBFric where

r

o otherwise GBFic " GBRatio - GenDir

where, from a free-body diagram of the high and low-speed shafts, it is easily seen that the friction torque applied on the LSS upon the gearbox

entrance, T % (4.9.9.t), is always positive in value and equal to:
G ( o ) Genlner - GBRatio’ - §,,. + GenDir - Genlner - GBRatio *a* - ¢, 1
9.9.9.t)= : : -
+ GBRatio-T%" (GBRatio-§,,..t)+ GBRatio- T (t) GBoxEff SN HTa)
Thus,
| B Y (qqqt) for r=GeAz
HioBEie otherwise
or,
Genlner - GBRatio’ - . + GenDir - Genlner - GBRatio " a* - ¢, )i
- . Gen . . Brake ’ SIGN(LSSHfiTq) —1| for r=Ged:z
; | CBErie = +GBRatio-T (GBRatlo “Gge Az,t) +GBRatio-T (z) GBoxEff
0 otherwise
or,
12 12 d
Genlner - GBRatio’ - §,,. + GenDir - Genlner - GBRatio (z Folg, ] S {Z—( Fof )q'l} c, i
- i=4 i dt 0 - for r=GeAz
F = GBox EﬂS[GN(LSShﬁTq)
o +GBRatio-T“" (GBRatio-§,,.,t)+ GBRatio-T"" (¢)
0 otherwise
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Thus,

I:C(q’t):”GBFric -

= ]
E_ G G E_G — =
wl T wc,,{ - ﬁS,GN(LSShﬁTq)—J for (Row=13,Col =4,5,...,13)

0 otherwise

{_f(q’ q’t)}‘GBFric

= [&d I
E_ G G E_R) - . Gen . . . Brake
_{ A [;E( o] )ql} +GBRatio-T" (GBRatio-{g,,.,t)+ GBRatio-T (t)} : { GBoxE -1
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It is noted that the gearbox friction generalized active force effects both the mass matrix and the forcing function. Its effect on the mass matrix can
be thought of as an apparent mass in the system (i.e., an active friction force which is a function of the generator acceleration). The gearbox friction
causes the mass matrix to become unsymmetric. Note that the equation for DOF GeAz is an implicit equation (since the gearbox friction is a
function of DOF GeAz), which has no closed-form solution. To avoid the complications resulting from this implicit characterization, the value of the
LSShftTq from the previous time step is used in the SIGN() function in place of the value of the LSShftTq in the current time step. This may be

done since it may be assumed that LSShfiTq will not change much between time steps if the time step is considered small enough. Note that gearbox

friction is the only term in the equations of motion that cause the mass matrix to be unsymmetrical. The mass matrix will only be unsymmetric if
GBoxEff is not 100%—if GBoxEff is 100%, then the mass matrix is completely symmetric.
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Tail-Furl:
The tail-furl springs (linear and stops) and tail-furl dampers (Coulomb, linear, and stops) bring about tail-furl moments.

—TFriSpr-qpy,
—IF| ¢y, > TFrIUSSP, TFrIUSSpr (qyy,, —~ TFrIUSSP),0]  for r=TFrl

| springrr =
SpringTF — IF [ 4y, < TFIDSSP, TFrIDSSpr (s, — TFrIDSSP).0 |

0 otherwise

and
~TFrIDmp -4y = IF [ 41, <> 0,TFrICDmp - SIGN (i, )0 ]

-IF [qm, > TFriUSDP,TFriUSDmp - q,,,,, 0] for r=TFrl
—IF [y, < TFrIDSDP,TFrIDSDmp - G0

0 otherwise

"\ DampTF o
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Thus,

[C(a.1)]

{~f(4.q.))

=0

SpringTF

SpringTF

—TFrISpr-quy,
— IF [ gy, > TFrlUSSP, TFrlUSSpr (qyy,, — TFrlUSSP),0 |

— IF[ 4y, < TF¥IDSSP, TFrIDSSpr (45, — TFrIDSSP),0 |

Jason M. Jonkman
FASTKinetics.doc
1/13/2025



40

and

[C(q.1)]

{(~f(d.9.1)}

=0

DampTF

DampTF .

~TFrIDmp-§yp,, —IF [ 41y <> 0,TFriCDmp - SIGN (g,,).0 ]
—IF [qyy,, > TFrlUSDP, TFrlUSDmp - §y,,,0]
-IF [qml <TFrIDSDP,TFrIDSDmp - q,,,,, 0]

Jason M. Jonkman
FASTKinetics.doc
1/13/2025
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Tail:
The rigid lump masses of the tail boom and tail fin bring about generalized inertia forces and generalized active forces associated with the structure

weight. Additionally, the tail fin brings about generalized active forces associated with tail fin aerodynamics.

,.*AzEvf-( -m®*ta ’)+ o’ ( EHA) Ey/ ( mFEa’) (r=1,2...,22) where m® = BoomMass and  m" =TFinMass
Thus

:A:Evf-( -m”Fa 1)+ o’ (—TA-EaA—EwaTA-EwA)+Eer-(—mFEaJ) (r=12...,22)

where 5 :[TFrlIner—mB ‘rWl - -tfa tfa‘z}lfa tfa or

(BoomCMxn - TFrantxn)2 [1 —cos’ (TFrlSkew) cos’ (TFrlTilt)]
+(BoomCMzn — TFrantzn)Z cos’ (TFriTilt)
2 . .
T4 _| TFriiner — BoomMass + (BoomCMyn - TFranlyn) [1 —sin’ (TFrlSkew) cos’ (TFrlTllt)] tfa tfa
(BoomCMxn - TFrantxn) (BoomCMzn - TFrantzn) cos (TFrlSkew) cos (TFrlTilt) sin (TFrlTilt)

-2 + (BoomCMxn - TFrle‘xn) (BoomCMyn - TFranlyn)cos (TFrlSkew) sin (TFrlSkew) cos’ (TFrlTilt)
+ (BoomCMzn - TFrantzn) (BoomCMyn — TFranlyn) sin (TFrlSkew) cos (TFrlTilt) sin (TFrlTilt)

i=4

11 11
A{(ZEthqu+Ew;FrIQTFrl+|:det(EwlA)q:|+%( w;‘Frl)q.TFrl} w XIA £ A] (7"=1,2,...,]1,'TF1"1)

E I IRSTN .. < d g1y d (e .
4 vr.(_m {(Z Vi q,J"' el {ZE( vi)qii|+5( vTFrl)qTFrl}J

i=4 i=7

S .. .. L d . d .
+ v/ '(_mF {(Z Evquij"' S |:ZE( Evij)qz'i| +E(Ev;Frl )qTFrl}J

+
&
RS
oh
Il

i=1 i=4
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Thus,

[C(q,t)]‘A (Row, Col) =m® v Evli +Fwp - I Pl +m" Fvi - Evl (Row,Col =1,2,...,11;15)

(=7 (3.9.0)}],(Row)=-m" v, {[Z%(v )q,}i(%;n,)q'm,}

P dt

—Ewﬁow~[7"'{[ dt } Lot qm}+ ' xT* EwAJ (r=12....11;15)
i=7

L

dt

11

-m" vy {[Z%(EV,J)%} ( vTFrl)q.TFrl}

i=4

. =5 (-m"gz, )+ 5! (-m"gz,) (r=34....11;TFr])
Thus,

[C(q’t):l Gravd 0

{—f(q',q,t)} (Row)=-m"g vy, -2,—m"g"vy,, -z, (Row=34,...11I:15)

GravA

E|, =%%FFf +fo! M., (r=12..11TFr)
Thus,

I:C(q’t):l derod L

(~f(q.q.1)}|  (Row)="vg,, -Fi,.+ " wp, M, (Row=12,..1115)

AeroA
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Overall:
Combining the results from the previous sections it is seen that the various portions of the equations of motion are related to the various forces as
follows (NOTE: B=BI+ B2):

[ X + HydroX +T | X + HydroX +T | X + HydroX +T | X + HydroX +T | X + HydroX +T | X+ HydroX +T {7 . N+R 'T+N+R T+N+R T+N+R N+R+H R+H+B . H+B H+B!A! Bl BI'Bl ! B2!B2 ! B2 H+B]
+N+R+H +N+R+H +N+R+H +N+R+H +N+R+H +N+R+H +H+B +H+B +H+B +H+B +B+A
+B+4 +B+4 +B+4 +B+4 +B+4 +B+4 +A4 +A4 +A +A4
X+ HydroX +T . X + HydroX +T = X + HydroX +T | X + HydroX +T X +HydroX+T T\ N+*R T+N+R T+N+R T+N+R N+R+H R+H+B H+B H+B A Bl:Bl Bl B2:B2:B2:H+B
+N+R+H +N+R+H +N+R+H +N+R+H +N+R+H +H+B +H+B +H+B +H+B +B+A
+B+4 +B+4 +B+4 +B+4 +B+4 +A4 +A4 +A +4
X +HydroX +T - X +HydroX +T - X +HydroX +T . X+ HydroX+T T+ N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B H+B A Bl Bl Bl B2 B2 B2 H+B
+N+R+H +N+R+H +N+R+H +N+R+H +H+B +H+B +H+B +H+B +B+ A
+B+4 +B+4 +B+A4 +B+4 +4 +A +A4 +4
X +HydroX +T | X + HydroX +T | X + HydroX+T T+ N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G ' H+B A Bl Bl Bl B2 B2 B2 H+B
+N+R+H +N+R+H +N+R+H +H+B +H+B. +H+B +H+B. +B+G |  +G
+B+G+4 +B+G+4 +B+G+4 +G+4 | +G+4 | +G+4 +G+4 | +4
X +HydroX +T | X +HydroX+T T+ N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G  H+B A Bl Bl Bl B2 B2 B2 H+B
+N+R+H +N+R+H +H+B. +H+B +H+B +H+B +B+G +G
+B+G+4 +B+G+4 +G+4 . +G+4. +G+4 +G+4. +4

X+HydroX+T T+N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G  H+B A Bl Bl Bl B2 B2 B2 H+B
+N+R+H +H+B +H+B +H+B +H+B +B+G +G
+B+G+4 +G+4 +G+4 +G+4 | +G+4 +4

T+N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G  H+BA Bl Bl Bl B2 B2 B2 H+B
+H+B +H+B +H+B +H+B +B+G +G
+G+4 +G+4 +G+4 +G+4 +4

T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G  H+B:A Bl Bl Bl B2 B2 B2 H+B
+H+B +H+B +H+B +B+G +G

[c(en)]= +G+A4 . +G+A4 . +G+A . +4

T+N+R i T+N+R N+R+H R+H+B H+B+G H+B:A:Bl Bl:Bl B2 B2 B2 H+B
+H+B +H+B +B+G +G
+G+4 +G+4 +4

T+N+R  N+R+H  R+H+B H+B+G H+B:A:Bl Bl Bl B2 B2 B2 H+B
+H+B +B+G +G

+G+4 +4
N+R+H | R+H+B H+B+G H+B A Bl Bl Bl B2 B2 B2 H+B
+B+G +G
+4
R+H+B H+B+G  H+B Bl Bl Bl B2 B2:B2 H+B
+G
H+B+G H+B Bl Bl Bl B2 B2:B2:H+B
+GBFric +GBFric +GBFric +GBFric | +GBFric | +GBFric | +GBFric | +GBFric | +GBFric +GBFric
H+B Bl Bl Bl B2 B2 B2 H+B
A
BI i Bl i Bl BI
BI: Bl Bl
BI BI
B2: B2 B2 B2
B2 B2 B2
B2 B2

SYM (except for GBFric) H+B
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X + HydroX +T + AeroT + N + R+ H + B+ AeroB + A+ AeroA

X + HydroX +T + AeroT + N+ R+ H + B+ AeroB + A+ AeroA

X + GravX + HydroX +T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + A+ GravA+ AeroA

X + GravX + HydroX +T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA
X + GravX + HydroX +T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA
X + GravX + HydroX + T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA
T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

) SpringYaw+ DampYaw+ N + GravN + R+ GravR + H + GravH + B+ GravB + AeroB + G + A+ GravA + AeroA
{_f (q, 9 Z)} - SpringRF + DampRF + R+ GravR + H + GravH + B + GravB + AeroB + G
H +GravH + B + GravB + AeroB + Gen + Brake + G + GBFric

H +GravH + B + GravB + AeroB + ElasticDrive + DampDrive

SpringTF + DampTF + A+ GravA + AeroA

Bl+ ElasticBl+ DampB1+ GravB1+ AeroBl

Bl + ElasticB1+ DampB1+ GravB1+ AeroBl

Bl + ElasticB1+ DampB1+ GravBl+ AeroBl

B2+ ElasticB2 + DampB2 + GravB2 + AeroB2

B2+ ElasticB2 + DampB2 + GravB2 + AeroB2

B2+ ElasticB2 + DampB2 + GravB2 + AeroB2

SpringTeet + DampTeet + H + GravH + B + GravB + AeroB




