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There are several points on a 2-bladed turbine: Z (platform reference), Y (platform mass center), T (tower node), O (tower-top / base-plate / yaw
bearing mass center), U (nacelle mass center), V (arbitrary point on rotor-furl axis), W (arbitrary point on tail-furl axis), D (center of mass of
structure that furls with the rotor [not including rotor]), IMU (nacelle inertial measurement unit), P (teeter pin), SG [shaft strain gage location: i.e., a
point on the shaft a distance ShftGagL towards the nacelle from point P (or point Q for a 3-blader since point P does not exist)], Q (apex of coning
angle), C (hub mass center), S1 (blade node for blade 1), S2 (blade node for blade 2), I (tail boom mass center), J (tail fin mass center), and K (tail fin
center-of-pressure). There are also several reference frames: E (earth / inertial), X (platform / tower base), F (tower element body), B (tower-top /
base plate), N (nacelle), R (structure that furls with the rotor—generator housing, etc...), L (low speed shaft on rotor end of LSS-compliance), H (hub
/ rotor), M1 (blade 1 element body), M2 (blade 2 element body), G (fixed in the high speed shaft / generator), and A (tail). The following are
derivations of the position vectors, angular velocities, linear velocities, partial angular velocities, partial linear velocities, angular accelerations, and
linear accelerations of all these points on the 2-bladed turbine (point SG’s velocities and accelerations are not derived since they wont be used in the
ensuing analysis). The velocities and accelerations of points on a 3-bladed turbine are very similar.

Position Vectors:
r? =qg,2,+ 4,2, —q5,%;  (relative to the ground)

r? =(PtfmRe [ — PtfmCM )a,

r” (h) = [¢1TFA (h)qTFAI +¢," (h)qTFAZ:IaI

1 S1T1FA (h)q;FAI + SszFA (h) q;FAZ + ZSJT2FA (h)qTFAIqTFAZ
+ 1 h+ Ptfm Re f —TwrDraft + TwrRBHi ~ 1SS (73,2 S (12 25TSS (1 a,
+3S); ( )qTSS1+S22 ( )qTSSZ+ S ( )qTSSIQTSSZ

+[ > (h)qTSS] +¢, (h)qTSSZ:'a3

where, )
st (h) =] d‘i:fh ) d¢f;§h ')}dh' (i,j=12) (which is symmetric)
and :
ST (n)=|! d(’j'z(,h ) dﬁ:;(,h ')}dh' (i,j=12) (which is symmetric)

Note limits on /: 0 < h <TowerHt + TwrDraft — TwrRBHt = TwrFlexL
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r? = [qTFAI + Grr4z ]al
ST (TwrFlexL)q;,,, + S (TwrFlexL) q.,, + 2S:* (TwrFlexL) q,.,,q
N Ptfm Ref + TowerHt _i 11 ( ) TFAl 22 ( ) TFA2 12 ( ) TFAIYTFA2 a,
2 + S,T,SS (TwrFlexL) qﬁSS, + S;SS (TwrFlexL) qissz + 2S,T2SS (TwrFlexL) Grss19rss 2

+[@rssi + rss2 ] a5
r° = NacCMxnd, + NacCMznd , — NacCMynd,,
r® = RFriPntxnd, + RFrlPntznd , — RErIPntynd,
PP = (RFrlCMxn — RFrantxn) rf, + (RFrlCMzn — RFrantzn) rf, — (RFrZCMyn - RFrantyn) rf;
P = (Nc]Man — RFrantxn) rf, + (Nc[MUzn — RFrantzn) rf, — (NcIMUyn — RFrantyn) rf;
r'" = —RFriPntxnrf, + (Twr2Shft - RFrantzn) rf,— (YawZShft — RFranlyn) rf; +OverHangc,
r™% = ShftGaglc,
r"® = —UndSlingg,
r% = HubCMg,

ro (’”) = |:¢1B[ (F)QBIFI +¢231 (r)quFZ +¢3BI (r)quEl:IjIBI +|:‘//1B] (r)qBIFI +‘//fl (F)QBIFZ +W3BI (r)quEl]szl

1 .
+{r+HubRad _E[Sﬁ] (’”)qémz +8% (’”)%2?11?2 + S35 (r)qélEl +285 (r)qBJFIqBIFZ +285; (r)‘]BIqugum +285 (r)qBIFIqBIEIJ}J_fI

where,
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Sigl(r)zj-r d¢i31(r’) d¢f1 (r’) . dz//f”(r’) dl//fl(r’)
v 0 dr' dr' dr' dr'

and the twisted shape functions are defined as follows:

}dr’ (i, j=123 ) (which is symmetric)

r r'd2¢BlF ru ' r 1d2¢BIF ru . ., ., '
IBI(r)=}[{_{[T()cos[ﬁfl(r”ﬂdr”}dr , l//fj(r)=—£{£ 217’”5 )Sln[é?fl(r )]dr }dr )

r r’d2¢BIF ! r rd2¢BIF P! . ., . ’
¢ZBI(F)=}[{'{[;}/T()cos[efl(r")]dr”}dr’, l//fl(l”)=—£{}[ ;Zr”g )szn[HSBI(r )Jdr }dr ,

r r'd2¢BIE 7! ) r r’d2¢BIE 7" . ., ,
f’(r):!{_{[;ﬁ/—ﬂg)sm[@f’(r”)]dr”}dr' , and !//fj(r)=£{?|;T()cos[Qfl(r )]dr }a’r

The equation for r* (r) is similar.
Note limit on 7: 0 <r <TipRad — HubRad = BldFlexL

r® =TFriPntxnd, + TFrlPntznd,, — TFrlPntynd,
M= (BoomCMxn — TFrantxn) tf, + (BoomCMzn — TFrantzn) tf, - (BoomCMyn — TFranlyn) tf,
r"’ = (TFinCMxn—TFrIPntxn)tf, + (TFinCMzn—TFrlPntzn ) tf, —(TFinCMyn —TFrlPntyn) ff,

r"® =(TFinCPxn—TFriPntxn)tf, + (TFinCPzn — TFriPntzn)tf, —(TFinCPyn — TFriPntyn) ff,
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Angular Velocities:

Fo = 4,2, +4y2,— 4525

ror rox d¢ITSS(h)‘ d¢2TSS(h) d¢ITFA(h) d¢2TFA(h)

o (h) = 0 + Tqrssz + Jh Arss2 (41 — ah Qrrar + pn Arraz |3
dTSSh dTSSh dTFAh dTFAh
Ew® = EwX+[—¢]dh( ) Grss; + ¢2dh( ) Irss> |87~ ¢Idh( ) Grrar T ¢2dh( ) Drrar |83
h=TwrFlexL h=TwrFlexL h=TwrFlexL h=TwrFlexL

Eol = E@® + 45,45

Fof = o + ¢, rfa

where, rfa = cos(RFrlSkew) cos(RFrlTilt)d, +sin(RFrlTilt)d2 —sin (RFrlSkew) cos(RFrlTilt)d3

fo' =Fo" + dpe1r€1 T DGeszCs

EwH = EwL +q‘Teetf2

dV/BI r . dWBI r ' dl//B] ” ' ) d B1 r . d¢Bl ’ . d¢Bl 7 ' .
Eo™ (r) =fo - 1—()QB1F1 +2—()qu172 +3—()quE[ Jfl + 1—()QB1FI +2—()QB1F2 +3—()quEl Jfl
dr dr dr dr dr dr

The equation for “@"” (r) is similar.

Since the generator is attached to the high speed shaft which may or may not rotate in the opposite direction of the low speed shaft and since ¢,
represents the position of the low speed shaft near the entrance of the gearbox,

Fw® = Fw® + GenDir - GBRatio- §,,,.c,

where,

) —1 for GB Reverse=True
GenDir =

1 for GBReverse= False
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E A _E_N , -
0" ="0" +qtfa

where, tfa = cos (TFrlSkew)cos(TFrlTilt)d, +sin(TFrlTilt)d2 —sin(TFrlSkew)cos(TFrlTilt)d3



6 Jason Jonkman
FASTKinematics.doc
1/13/2025

Linear Velocities:

E 7 . . .
V' =453 Y 95,2 95,33

EVY:EVZ+EwXXrZY

BT ()= 5v + V7 (h)+ "o xr”" (h)
where,
XV (R) =] 8 (1) drras + 87 () sz | @y
_{sﬁ%h)qmm+s§5A<h>qTFA2q~TFA2+sz“<h><q~mqm+qm1q-m> }
+ ST (1) Grss irsss + S5 (B) rssinsss + 15> (1) (Grssirsss + rssifirsss) |
[ 87 () drsss + 8 (h) dss |

EvO:EvZ+XvO+EwarZO
where,

0 = [QTFAI + G4 ]al

SJT1FA (TWrFlexL) Grear9rea + SzT;A (TwrFleXL)QTFAZq.TFAZ + S1T2FA (TwrFlexL)(q.TFAIQTFAZ + qTFAIq.TFA2) a
- . . . . 2
+ SITJSS (TwrFleXL)qus1QTssz + Sszss (TwrFleXL)qrsszqrssz + SIT2SS (TwrFleXL)(quszqrssz + qTSSIqTSS2)

+ [C}TSSI + q.TSSZ ]a3

E E E_N
vU= v0+ (0] XI‘OU

EVV=EVO+ECUNXI"0V

EVD:EVV+EwRXrVD

E_ IMU
\4

The equation for is similar.

EvP:EvV+EwarVP
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ELQ_E P E H PO

ELC _EL0 | E H  .0C

EvSI(r) Q+HvS1( )+Ea)H><rQSI(r)

where,

& SI I: q.BlF1+¢ ( )QB1F2+¢3B](7)431E1]J +|:‘// QBIFI'H//Q ( )q.B]F2+l//3BI(r)q.BlE]:|jZBI

B S1BII (r)qBIFIQBIF] + SZJ (F)QB1F2931F2 + SgI (r)qBIE]q.BIEJ

.B1
. ) ) ) . ) J
+ Slel (r)(QBlFIqBIFZ + QBIFIQBJM)"" S;;I (r)(CIBlFZQBlEI t 4951729811 ) + Siil (r)(qBIFIqB]EI + ququBlE]) !

The equation for “v* (r) is similar.

v :Ev0+Ewar0W
EVI:EVW+E(UAXI"WI

v =EVW+E(0AXI"WJ

v :EvW+EwarWK



Partial Angular Velocities:

Recall that: " (4,q.1) (z

=1

shown.
z, for r=R
E X _ -z; for r=P
' z, for r=Y
0 otherwise
EwX —
d¢TFA( )a
an
d¢ITSS (h)
dh
EwrF(h)—Ea) + d¢TFA( )
— 5, 4
dh
d 7SS
a= ),
dh
0

for r=TFAI
for r=TSS1
for r=TFA2
for r=TSS2
otherwise

F" (g,t) for each rigid body N,

in the system. Note that all of the
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o] terms are zero as will be



d ¢ITFA ( h)

dh

d ¢ITSS ( h)

dh
h=TwrFlexL

‘o’ ="+ 447 ()

dh

de’™ (h)

dh

as

h=TwrFlexL

a,

a;

h=TwrFlexL

a,

h=TwrFlexL

d or r=Yaw
EN _EgB o 2 f .
0 otherwise

e
|

rfa for r=RFrl
Foft = Fa ¢ T
0 otherwise

c, for r=GeAz

E L _E_R _
o, =" +ic, for r=DrTr

0 otherwise

for r=TFAI
for r=TSS1
for r=TFA2
for r=TSS2
otherwise
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E 0 E L+{f2 for r="Teet

W, = 0
r " |0  otherwise
EnH _
Bl Bl
W) i ) i
e dr
du®! doP!
EwMI (r):EwH+ - l//ill"(r)jIBI_'_ ¢3d}’(r).’fl fOl" PSEE
Bl Bl
_dwz (I") jIB1+d¢2 (7") szI for r=BIF?2
dr dr
0 otherwise
Ew,MI (}’) = 0

The equations for “@,"” (r) and “®" (r) are similar.

E G E R+{GenDir-GBRati0c1 for r=GeAz

0 otherwise

S
|

Bt _ EgN tfa for r=TFrl
0 otherwise
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Partial Linear Velocities:

22
Recall that: “»¥ (g,q,1)= (z Ev¥i(q.t)q, j + “v (g,t) for each point X, in the system. Note that all of the

r=1

z, for r=Sg

£,z _ -z; for r=Sw
" |z, for r=Hy
0 otherwise
FyZ =0

cy £z, ) @fxr™ for r=4,56
0 otherwise

EgX x 17T (1)
87 (h)a, =] ST (W) gy + S (1) sz |
7 (h)a, = S77° (1) drss, +S15° (1) dirss. |
1 (h)a, = [ S (1) s + S () s |

) ()

TSS (h a, - I:STSS h Grss, + STSS( )qTSSI:IaZ
0

for r=4,5,6
for r=TFAI
for r=TSS1
for r=TFA2
for r=TSS2
otherwise
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FyXi terms are zero as will be shown.



12 Jason Jonkman
FASTKinematics.doc
1/13/2025

fof xr? for r=4,5,6
ST (TwrFlexL)qypy,, +S)3" (TwrFlexL qmu]az for r=TFAI

- )

[SJTISS (TWFFZ@XL)QTSM S1T2S (TWVFZ@XL qTSS2:|a2 for r=TS8S1
[STFA (TwrFlexL)qTFAz +S,T2FA (TwrFlexL qTFA,]aZ for r=TFA2
all )

SSS TwrFlexL)q,, + SITZS (TwrFlexL qus1] for r=TSS2

otherwise

E. U Evo+{Ew:vXV0U for r=4,5,...,11
r

0 otherwise

E.V __E.O ijv xr for r=4,5,...,11
v, ar )
0 otherwise

<
|

o ev |Tofxr™ for r=4,5,..12
="y + ‘
0 otherwise

E IMU and E IMU

The equations for are similar.

<
|

EP_EV | waX”VP for r=4,5,..,12
§ 0 otherwise



for r=4,5,...,14
for r=Teet

otherwise

for r=4,5,...,14
for r=Teet

otherwise

for r=4,5,...,11

otherwise

—H//f” (r)jfl _I:Sﬁl (r)quFl +S1321 (r)qBIFZ +Sg1 (r)qBIEI}
_H//f] (r)jfl _I:S;I (F)CIB1E1 +SZI (’”)QB1F2 +S1L;1 (F)QBIM]
+V/51 (r)jfl _[SZI (r)un«"z +S132] (r)qBIFI +S§§] (’”)QBJEJJ

for r=4,5,...,14

for r=BIFI
for r=BIEI
for r=BIF?2
for r="Teet
otherwise
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E_A 1
, er
E_ I _ E_W E_A Wi
vr - vr + wTFrlxr
0
E_1
v, =0
E_ A
wr erJ
E_J E_W E__A wJ
vr =y + wTFrer
0
E_J
v, =0
E_A WK
wr Xr
E K _E_W E_A WK
v, =V aF Drpy XF
0

for r=4,5,...,11
for r=TFrl

otherwise

for r=4,5,...,11
for r=TFrl

otherwise

for r=4,5,...,11
for r=TFrl

otherwise
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Angular Accelerations:
22
Recall that: “a™ (§.4,9.1) (z w) (g.1) ) {Zj (wav" (q,t))q'r}tdi(’sw:v’ (q,t)) for each rigid body N, in the system. Note that the
r=1 t t
j (E N ) terms are all vector functions of ( ) and that all of the di( E th ") terms are zero as will be shown.
t t
d E_X
—| "o )=0
dt ( r )
d E_ X
—("w; )=0

0 otherwise

E _X_E_F 3
i[EwF(h)]={ o*xfwf (h) for r=7.8,...10
0

i(EwB)_ Fo*xtw® for r=7,8,...,10

dt 0 otherwise

d (e s\_

g( 7)=0

i(EwN)_i(EwB)+ ‘o’ <"y, for r=Yaw
et " odtt 0 otherwise
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d(EwR) i(EwN)+{EwaEwﬁF,, for r=RFrl

dts ) ar i 0 otherwise
d E_ R
—("w, )=0

y p fo*x*wg,,, for r=Gedz
(EwL)— (Ea)R)+ fo*x*wy . for r=DrTr

0 otherwise
G lrat)=0
)= o) e
%(wa’ )=0

Fo" x Fwll! (r) for r=BIFI

wBIFI
Lo (r)]= (b)) @ > @) for r=BIE]
&y fo" x"wp, (r) for r=BIF2

0 otherwise

<o (r)]=0

i[ EpM? (r)] are similar.

d
Th ti for —| Fw™ d
e equations for [ ! (r)] an 7

dt
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E R E_G

for r=GeAz

otherwise

for r=TFrl

otherwise
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Linear Accelerations:

22 22
Recall that: “a™(4,¢.q,1) :(Z EypXi (q,t)éjrjv{Z%(Eva’ (q,t))q'r}L%(Eth" (q,t)) for each point X, in the system. Note that the %(EVX")

r
r=1 r=1

terms are all vector functions of (q,q,t) and that all of the di( Eypki ) terms are zero as will be shown.
t

d Ewrxx Ew* xr?¥ for r=4,5,6
0 otherwise
0

[T (h)+ F ™ xr® (h)] for r=4,5,6

[STT (R) ggas + S5 (B) Gy @y + "0 x "v] (B) - for r=TFAl

i[EvT (h)]: _[ o 1) s S5 (h)qmw]az"' o xPvygg, (h)  for r=TSSI
(S5 (h) g + ST () sy | @, + "™ x 7y (B) - for r=TFA2

S5 () dyss + ST (R) i) |, + F0* x Evi, (h)  for r=TSS2

0 otherwise
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Ewrxx(xv0+Ewarzo) for r=4,56
| ST (TwrFlexL) Gy, + ST (TwrFlexL) gy, |y + "™ x "vg,,  for r=TFAI
d (E 0) —[SITISS (TwrFlexL) g, + S5 (TwrFlexL)qTSSZ:'az + P x i,  for r=TSSI
= (Ev0)=
@t —[SZTfA (TwrFlexL)qy, +S;," (TwrFlexL)qTFA1]a2 +fo* x50, for r=TFA2
—[SSS (TwrFlexL) s, +S;5° (TwrFlexL)qTSS]]az + 0¥ x Py, for r=TSS2
0 otherwise
d
4 1)
Fol x(EwarOU) for r=4,56
i(EvU)=i Ev0)+ i(EwN)xr0U+ Ewa(EwarOU) for r=7,8,..., 11
et " odtt T et ' ’
0 otherwise
d
2=
Fo x(EwarOV) for r=4,5,6

d(EvV) d

et T dt

+ i(EwN)xr"V.pEw:Vx(EwarOV) for r=7,8,..., 11

r

dt
0 otherwise
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d d
U=
%(Ev,”)= 0

The equations for i(

dt dt

dt

d d
)=y
‘ (Ev,Q)= 0

E_V
v )+

dt

(Evr )= (5 )+

(5r)+

E_R E_ R VD
, x( 0" xr )

dt
0

E_ IMU

vr

d
(Eer)erD+Eer><

dt

Eerx(EwarVP)

dt
0

g
dt
d
dt

0

d
(EwR)erPJr Pl x

r

(wal)erQ

Ew:IX<EwarPQ)

+Fol" x

PO , E_H

E__H
( wTeet ) R + wTeet X

) and i( E v,’MU) are similar.

(EwarPQ)

for r=4,5,6

(EwarVD) for r=7,8,...,12

otherwise

for r=4,5,6

(EwarVP) for r=7,8,..., 12

otherwise

for r=4,5,6

for r=78,...,14

(EwarPQ) for r=Teet

otherwise
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)= (e

Il
S

d E_SI
a7 (0]

The equations for

d
ol

wa'x(EwarQC) for r=4,5,6

d g u oc , E_H _(E_H_ 0C

—( ") )xr*" + "o x| "o xr or r=7,8,...,14
(o) 7 x( ) S

d

E(wam)erC+szetx(EwarQC> for r=Teet

0 otherwise

Eof <[ "y (r)+ Fo xr® (r)]

x ! (r)+ wa’ X[HvSI (r)+ Ew™ x p2! (r)]

E_SI

i1 Sg](r)quFz"'S/s( )QB1EI:|]3 + o' x Veir1

E_SI

dpiz1 T Sg](r)quF2+Sl3( )QBIF1]13 o' x Vel

BI BI E_SI
dpir2 TS0 (r)quF1+S23( )qBIEl]]3 + 0" x vy,

i(EwTIiet)XrQSI (r)+ Ew;{eetx[yvsz (r)+ E ) H o 4051 (r)}

r t

d ..
EyS2 (r)] and E[Evsz (r)] are similar.

for r=4,5,6

for r=7,8,...,14

(r) for r=BIFI
(r) for r=BIEI
(r) for r=BIF2

for r="Teet

otherwise
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di

(%)

E v, )+
)
0
%(EV,W)+
0

E__N E__N
, x( (0] erW)

for r=4,5,6

d E_ N ow E N E N ow
—( "o )xr”" + "o x( "o xr or r=7,8,..., 11
dt ( r ) r ( ) f

0 otherwise

Ew:lx(EwarWl)

d E_ A wI E_ A E_ A wI
;( a)r)xr + wrx( o' xr )
t

d

E(Ew;'m)xrm+Ew;'F,,><(EwarW’) for r=TFrl
0 otherwise

for r=4,5,6

for r=7,8,...,11

Ew:‘x(EwarWJ) for r=4,5,6

(Ew:‘)erJJrEw:‘x(EwarWJ) for r=7,8,..., 11
(E Ar)erJ+Ew;’Fﬂ><(EwarWJ) for r=TFrl

otherwise
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Ew:'x(EwarWK) for r=4,56
d (E K) d (E W) %(Ew:’)erK+Eerx(EwarWK) for r=78,...,11
—( v )=—("v, )+
a a %(Ew;‘m)xr”+Ew;'Frl><(Ea)A><rWK) for r=TFrl
0 otherwise
()=



