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The following are derivations of the output loads available in FAST for a 2-bladed turbine configuration. The loads for a 3-bladed turbine are Very‘

similar. Note that some of the loads are given multiple names in order to support variation among the user’s preferences. ‘

]Along with most of the loads are associated partial loads. These partial loads will be used at the end of this document to redevelop portions of the‘
’equatlons of motion to speed up the computations. The definifion of these partial loads 1s as follows: ‘

Let: FSource q q q t (Z Source q t qrj+FS):urce (q’q’t)

where Fg! .| are the partial forces and FJ Source, 18 all components of | F, i | that are not of this form.

Similarly, let: My (G,4.q.) {ZMSN,,"@:/; J+MN@X' (¢.9.1)

Source,

where M ;\;gﬁ are the partial moments and | M ;me‘f;‘; is all components of| M g}gﬁ that are not of this form.

]To find the loads characterizing the constraint forces between two bodies, say A and B, all that is needed is to remove body B from the equations of
imotion and determine what equivalent load applied on A would give the same effect that body B had on A originally |
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’Blade 1 Root Loads
There are 10 output loads at the root of blade 1. 5 of them are the 3 components of the root force‘ F,/ (0) (2 components are expressed in both the‘

coned and blade reference frames). The other 5 are the 3 components of the root bending moments, M}, ( )’ (again, 2 components are expressed in

both the coned and blade reference frames). If blade 1 is to be removed from the turbine, loads F;I’ (0 ) and | M} (0 ) applied to the hub at the blade 1

\root\(r = 0) must give the equivalent effect of blade 1 in the resulting equations of motion. The new generahzed active force for the equations of ‘
‘motion resultlng from these new loads 1s:

F

r

=5 Fy+ 0 My, (r=12..,22)

Bl

where the equivalent loads acting at the hub’s center of mass (point C) are related to| F,, (0) and| M} (0) because the hub is rigid as follows:

FS=F30) and  ME =M (0)+r(0)xF3(0)  or ME =M (0)+[rQS’ (0)- rQC]xFBSII (0)

But since FyC =Fp? 4 Feplf x p2¢

= (FH = Eolfr ) B (0) ot (b (0)+ [ (0) - T B (0] (r=1.2...22)

I

F

r

]Now applying the cyclic permutation law of the scalar triple productt

F|

"Bl

= "B (0)+ Fool - {r < F (0)}+ "ol - { My (0)+[r® (0)-r® < FS (0)} (r=12...,22)

which simplifies to

F,, =2 -F (0)+ ol [ M}, (0)+r® (0)x Fy/ (0)] (r=12,...,22)
’[This can also be simplified to‘ F |, ="v"(0)-F5 (0)+ "0 My (0) (r=12,...,22) ,which will be used later in the ensuing analysis.]

This generalized active force must produce the same effects as the generalized active and inertia forces associated with blade 1. Thus,
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(r=12...,22)

B1_Fr

+ E’ AeroB1

F

r " |ElasticB1

"1GravB1 "1 DampB1

B

Since|“v¢| and “"| (and | *v2| and | “v*'(0)) are equal to zero unless r = 1,2,...,14;Teet, the generalized active forces associated blade elasticity and

and| F, pampisi] AT equal to zero within this range of‘ r’s?. So,

damping do not contribute to the root loads (since also, | F, st

r=12,..., ]4;Teet)

+ (
lAeroB1 "1GravB1

BldFlexL BldFlexL

L= | () [Fit ()= " () g2y = () Ea® () Jdr s [ E0l (v)- M, (r)dr
0 0 (r:1,2 ..... ]4;Teet)

+ Ev5! (BIAFIexL)-{ Fyypyogy, ( BldFlexL)—m®™ | gz, + "a® (BldFlexL) |

Now noting that EyS(r=Ev 4+ M vS (r ol < r® (1) , this can be expanded as follows:

BldF lerL

EMBI P2+ TS (1) | Fomont ()= " (r) g2, — " () Fa® (r) ] ar

+[E 0 | H,SI (BldFleXL):I {FTﬁDragBl (BldFlexL)_mBlTip [gzz +Fa® (BldFlexL):'

(r=12,...,14;Teet)

BldFlexL BldFlexL
+ I [ o xr® (r )] [FASeImBI( )= (r) gz, —u® (r) Fa® ( ]dr+ J Fo (r)-My, 5 (r)dr

0 0

+[wa’ x @ (BldFlexL)] {FTprDragBI (BldFlexL)—m"'""™ [gzz +Fa® (BldFlexL)]}

’However, since‘ ri is constrained to be between 1,2,...,14;Teet and since |" v’ (r )’ is equal to zero and‘ ol (r )’ equals | “@”| with this constraint, this

’can be simplified as follows:‘
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BldFlexL
F |BI = Ey? -[FASeImB, (r)— " (r) gz, —u® (r) “a™ (r)]dr+ Fy? -{FT“f.IfDmgB, (BidFlexL)—m""™ [gzz + EaS! (BlﬁlFlexL)]}
0
plert E_H 0s1 . S1 _ B1 _ Bl E _S1 plde E_H . M1 _ .
+ [ o, xr (r)} [FAmBI (r) U (r)gz2 Y7, (r) a (r)] dr+ o, M, (r)dr (r =1,2,...,14, Teet)
0 0
+[ Feol" xr® (BIAFlexL) |-{ Fyypyypgn (BldFlexL) —m"™ [ gz, + "a® (BldFlexL) ]}

’Or by engaging the cyclic permutation law of the scalar triple product,

BIdFTexL

Fl |B] - j Ey? -[szelmm (r)—/f” (r)gz2 — (r) EqSt (r)]dr+ Fy? '{Frf,fpmgm (Bla
0
BldFlexL BldFlexll
o [ el [ ()X F i (r) - (r) gy = (r) ™ (r) JJar+ [ |F

0

+fol -{rQSI (BldFlexL)x {FSI

TipDragB1

(BldFlexL)—m"'"™ [

E S1
g3, + a

(BldFlexL]

0

Thus it is seen that|

BldFlexL

m0-"] |

S1
F AeroBl

BldFlexL BldFlexL
MG (0)+r®" (0)x Fy/ (0)= M s (r)dr+ I ro(r)x [FAselmBl
0 0
+r%" (BldFlexL)x {FT“ZDmgBI (BldFlexL)—m"'"™ [gzz +Fa¥ (BldFlexL)]}
BldFlexL BldFlexL
M, (0)= j M3 (r)dr+ I ro (r)x[Fj:mBI (r)—p®(r) gz, —u® (r) “a™
0 0
+r%" (BldFlexL)x {FT;{DmgB, (BldFlexL)—m""™ [ gz, + Fa’ (BlszexL)]}

BldFlexL

J L

0

FSI

AeroB1

e

(r)=u" (r) gz, =™ () "a™ (r) ]

()= p" (r) gz, = ™ () "a™ (r) ]

S1
dr+F, TipDragB1

(BldFlexL

dr+ F5!

)

w:’ 'M:Zom (r)dr

[FlexL)—m"'™ [gzz +Fa® (BldFlexL)]}

(r :],2,...,]4;Teet)

m

BITip E _SI

(BldFlexL)]

[

gz2+ a

(1)~ (F) e~ (r) *a” ()

TipDragB1

L

()

BldFlexL)—m®"™| oz, + £a
( ) [g 2

! (BldFlexL)]
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M1
j‘ lAeroBI

( )dr+

[/ ()= (0) [ Fi 1) 1"

(r)gzz —,UBI (7') EaSI

(r)] dr

0

0

+[r®" (BldFlexL)-r®" (0) |x{ Fa,

agB1

(BldFlexL)~m""™ [ gz, + “a® (BldFlexL) ]}

BldFjexL

and

S1
AeroBl1
0

S1
[ F TipDragB1

(r)=u"(r)

(BldFlexL) -m

E s1
8%, + v1

+[521:;’,<

g%, +
BITip

|

i S0

)i+ S

i=16

{Z £y’ (BldFlexL) }

i=1
ii(Ev.S’ (BldFlexL))
dt™

i=4

)i |+ (2

7|+ ii(’i ! (Bld
q; d v;

E SI E_ S1
Z :|+ vTee

i=16

{Z 3! (BldFlexL)

i=16

(r)dre
r ))‘?Teet

dr

e

ql} + “vy,., (BIdFlexL) gy,

i=16

) d .
erxm)q,}a(ﬁv;;, (BldFlexL))d,.,
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" _BldFlexL i
MBI (0)_ J. MAeroBI( )dr
+ I I:rQSI(r)_rQSI(O):IX F:ZroBI( )—,uB](r) i=16 ir

) {i%(Ev,.s'(r))q-iné(Ev;”(r))q,-}%(‘sv?;,( )1

i=4 i=16

14
gzﬁ[zE ;! (BldFlexL)g }{Z v} (BldFlexL)g }

i=1 i=16

+ Ev31 (BldFlexL)
+[ 1O (BIdFlexL) ~r®" (0) x| Fyllyups ( BldFlexL) - m™ v ”;( L) . >
+ {ZE( Eyst (BldFlexL))qi}+ [Zd—( Eyst (BzszexL))ql}

i=4 i=16

d .
+ & (vt (BdFlexL) )y,
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BldFlexL
Fyl(0)== [ "' (r)*v¥ (r)dr—m""™ "y (BldFlexL) (r=12,...,14;16,17,18;Teet)
0
BldFlexL 14 d 18 d d ]
F0)= | {F;'mm<)—uB’(r){gzz+[z;(%f'<r>)q‘,.Hz—(Evf'(r))q-,.}—('fv:;,(>)q-m, fa
; = dt T dt dt
1 18
v [Z (“v (BldFlexL))q } [zg(‘gvis’(BldFlexL))c]i}r%(Ev;ge’et(BldFlexL))qTeet}
4 i=16
= e ( BldFlexL)
and
M} (0)=—ij[r‘~’s’ r®(0) |x[ w” (r) "vS" (r) [dr = m""™ | " (BldFlexL) - r®" (0) |x "v{' (BldFlexL) (r=1,2,...,14;16,17,18;Teet)
0

0

BldFlexL
I [,.Qsz (r)—rQSI (0)] {Filmm

(r )—u“(r>{gzz+[

14

i=4

£ o]

18

2

=16

d

L

dt

)i [+t i

+[ r®" (BldFlexL)—r%" (0) |x

FSI

TipDragB1

(BldFlexL) -m

BITip |

i=4

ST N Y

i=16

1( “v (BldFlexL))q,

BldFlext}

o [ M (r)dr

AeroBl1
0

vTeet

d
+E(E S1

(BldFlexL))dy,,,
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The output loads are as follows]

By ],000‘ ’Blade 1 OoP shear force at the blade root (directed along the xc1-axis), (kN)‘

’RootFxc] =F) (0)1’1
RootFycl = F}/ (0) 21/ 1,000 Blade| 1 IP|shear force at the blade root (directed along the ycl-axis), (kN)
RootFxbl = Fy, (0)- j;' /1,000

1

RootFybl = F,/ (0)-j;" /1,000

]Blade 1 flapwise shear force at the blade root (directed along the xb1-axis), (kN)‘

]Blade 1 edgewise shear force at the blade root (directed along the yb1-axis), (kN)‘

RootFzcl = RootFzbl = F ;11 (0) . ifl /1,000=F, lfll (0) . jfl /1,000 ] Blade 1 axial force at the blade root (directed along the zc1-/zb1-axis), (kN)\
RootMxcl = RootMIP1 = M, (0)-i;" /1,000
(kKN-m)

| RootMycl = RootMOoP1 = ML, (0)-i%" /1,000
axis), (kN-m)

| RootMxb1 = RootMEdg 1 = M}, (0)- j' /1,000 |
the xb1-axis), (kN-m)

RootMyb1 = RootMFIpl = M, (0)- j;' /1,000
ybl-axis), (kN-m)
RootMzcl = RootMzbl = M3, (0)-i7" /1,000 = M, (0)- j;' /1,000

(KN-m)

’Blade 1 IP moment (i.e., the moment caused by IP forces) at the blade root (about the xc1-axis),

’Blade 1 OoP moment (i.e., the moment caused by OoP forces) at the blade root (about the ycl{

’Blade 1 edgewise moment (i.e., the moment caused by edgewise forces) at the blade root (about‘

’Blade 1 flapwise moment (i.e., the moment caused by flapwise forces)at the blade root (about the‘

Blade 1 pitching moment at the blade root (about the zcl-/zbl-axis),
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Blade 1 Local Moment Outputs

There are 3 output loads at any of the selected span stations|i (r = R%*"") of blade 1| (i=1,2,...,5). These are the 3 components of the bending moment
[

Mg, (R””‘”’ ’) expressed in the /ocal blade coordinate system (principal structurai axes). Exammmg the results for the blade 1 root loads, it follows

that:

BldFlexL BldFlexL

M (R)= | M (r)rs | [ ()= (R ) X[ F s ()= 1 () g2, = 1 (r) % (r) Jdr (i=12,...5)

+[r® (BldFlexL)—rQS’ (R ) x| Fragns (BldFlexL) ~m"'™ | gz, + “a' (BldFlexL) |}

The output loads are as follows]

SpniMLxbl = M Y ( R i)-nf" ( R¥™ i)/ 1,000 [Blade 1 /ocal edgewise moment at span station|i{(about the local xbI-structural axis),|(kN-m)

SpniMLybl = M\ ( R i)~nf’ ( R i)/ 1,000 Blade 1 local flapwise moment at span station il (about the local yb1-structural axis), (kN-m)

SpniMLzbl = My (RS”‘"’ i)-nf ! (RSP “ i)/ 1,000 ’Blade 1 pitching moment at span station i ’(about the zc1-/zb1-/local zb1-axis),|(kN-m)
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Blade 2 Root Loads:

The equations for | F,

2
2

(0), M3 (0),

FS2

B2,

(0): Fa, (0), M, (0). M, (0)

, and all 10 output loads are similar to blade 1.
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There are 14 output loads at the hub end of the low-speed shaft. 5 of them are the 3 components of the thrust and shear force

P
F Rotor

(2 components

nts are

lare expressed in a nonrotating frame, 2 compone

expressed in a rotating frame, and 1 component is independent of rotation). 5 other loads are

the 3 components of the shaft bending moments,

Mer

Roto

(again, 2 components are expressed in a nonrotating frame, 2 components are expressed in a

11

rotating frame, and 1 component is-independent

of rota

4t AN ui
L1o11). 1T11C

11

thi
|

1
dIId

(1 ~th
(12

loads—are the rotor powerand rotor power coefficient, respectively:

i l‘hell3ﬂ“i and 14" Toads are the rotor thrust and rotor torque coefficients, respectively. For a 2-blader, all these Toads are given relative to the teeter

pin (point P) as indicated. For the 3-blader, all of these loads are given relative to the apex of rotation (point Q, which is coincident with point P).

Ir

1

’The new generalized active force for the equations of motion resulting from these new loads 1s: ‘

=EyP FP 4 Egl.pLer

r Rotor Rotor

" | Rotor

r=12..,22
( )

This generalized active force must produce the same effects as the generalized active and inertia forces associated with blade 1, blade 2, the hub, and

r 1

the teeter springs and dampers. Thus,|

| Rotor =4 Bl +F; AeroB1 +F:’ GravB1 " |ElasticB1 " \DampB1
+F; B2 + F; AeroB2 + F;’ GravB2 | ElasticB2 "1 DampB 2 (r = ]’ 2" ' "22)
*

+F; H +F:’ GravH " |SpringTeet | DampTeet
Since ‘E v’ and |*w!| are equal to zero unless|r = 1,2,...,14, the generalized active forces associated with blade and teeter elasticity and damping do
not contribute to the hub and rotor loads (since also, |F, prasticn > Frlpampss * Fr\prasicn > * £+ pampir2 E | sprimeteet and | F, Dampeet| A€ equal to zero if|r =
T.2,...,14). So,|

| Rotor =4 Bl Il AeroB1 + "\GravB1 +F‘r B2 "1 AeroB2 + " |GravB2 +F” H "\GravH (7" :]’2"“’14)

’When using the results for the blade 1 and blade 2 root loads, this equation can be simplified as follows:‘

| Rotor

=F| +F
Bl r

r

*
s tE

+
H

F

r

GravH

(r=12....14)
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e = VB (0)+ Pl M (0)+[ 1% (0) =9 + |5 FJ (0)} + PvE - F7 (0)+ "ol -{ M, (0)+[ 1% (0)-r% < F}3 (0)} rmt208)
r=12,...,
—mHEvC( a +gz2)—E ,H(IH Fa" + T xIH-EwH)
]or when grouping like terms \
o = 205 s (0)+ Fi2 (0)=m" (Pa€ +.g2, )]
— _ r=12...,14
+Eoll A ME (0)+ M2y (0)+[ 2 (0)=r® Tx Fgt (0)+[ 2 (0) -2 |x EZ (0)-T" - P ~ Fo" xT" - oo | ( )
[Recognizing that| ol =5l +*0f x(rPQ +rQC)
e =[Evf + ol x(rPQ +rQC)]-[FIf1’(0)+Fg(0)—mH (EaC +gz2)J (r=1.210)
_ _ r=12,...,
F Ll M (0)+ M (0)+[ 1% (0) =2 Tx 3 (0)+ 19 (0) -1 Jx F (0) - T" - Fa — P xT" - P
]Now applying the cyclic permutation law of the scalar triple productj
VROW=Evrp.[F;’(0)+FBS;(0)—mH<EaC+gz2)]+Ewr”.{(rPQ+rQC)><[Flf,’(0)+FBSZZ(0)—mH(EaC+gz2)}} (r=120 1)
B r=12,...,
F Ll M (0)+ M (0)+[ 1 (0) =2 Tx 3 (0)+ 19 (0) -1 Jx F (0) - T" - Pa — b xT" P

’which simplifies to:‘

| Rotor = Ev"P ) |:FBSII (0)+ F;ZZ (0)_mH ( EaC + gzZ ):|
R My, (0)+ My, (0)+[ "+ (0) |x ) (0)+[ r" + 127 (0) [ F5 (0)]  (F=1.2.....14)
p _mH(rPQ+rQC)X(EaC+gz2) IH EgH _E HXIH EH
However, |“o!| equals |* w!| when[r is not equal to Teet. Thus the generalized active force associated with the rotor can be expressed as follows:
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Fly £ 50 [ ES (0)4 FZ (0)=m" (a4 g2,) |
e .{Mf, (0)+ M3, (0)+[ r" +r% (0) | Fy (0)+[ "+ (0) | < Fy5 (0 } (r=12...,14)

r = =
_mH(rPQ+rQC)X<EaC+gz2)_IH.EaH_EwaIH.EwH

Thus it is seen that,

Fpp = 3 (0)+ Fy; (0)—m" (Pa€ +gz,)
and

M2 =M, (0)+M,, (0)+[rPQ +r2! (0)]><Flf11 (0)+[rPQ +r%? (O)JXF;ZZ (0)-m" (rPQ +r2)x[(FaS gz, )T @ = P xIT" - Fof
|Thus,
14

S . .. d .| d .
F|R’;tw =F;/ (0)+Fg; (0)—m" {{Z Ev,-cq,)+ BV lireer +{ZE(Evf)qi}+E(Evfwt Grou +gz2}
i=1

i=4

and
ML = M2 (0)+ Mpy (0)+[#72 +r95 (0) % FS! (0)+[ 72 + 1% (0) |x 2 (0)

H (. PO , ,0C G Ecn | EC o SEATRY diec .
—-m (r tr )X{(Z Vi qij+ vTeetheet+|:ZE( Vi )qi:|+_( vTeet)qTeet"'gzz}

i=1 i=4 dt

17 {(i Ew,.”ij,-]+ oy Gro +[i%( EwiH)q.i} +i( Ewrzet)qreet}— EH «TH . Egytl
i=4

i=7 dt
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Or|

F?

Rotor,

14 d . d .
= F8 0 5 0 {3 (556)a [0 (5 Y

i=4

=F3 (0)+ F32 (0)-m" ®vE (r=1.2,...,14,16,17,...,22)

and
M@ =M,§’,r (0)+M,§’2r (0)+[rPQ +rQs’(0)]xFlf,f (0)+[rPQ +r2 (O)JxFlfj (0 —m" (rPQ +r2)) x Evf—f” LEwt (r:1,2,...,]4;16,]7,...,22)

Rotor,

Mo =My, (0)+ My, (0)+[rPQ +r? (O)JXFI,SIZ (0)+[rPQ N (0)]><FBSZZr (0)—m" (rPQ +rQC)x{[ii<Evf)qi}+i<’5vfeet)qmt +gz2}

ims dt dt
T[S ol )a | 4 (0t )i - o T o
dt i qi dt Teet qTeet

i=7

The output loads are as follows]

RotThrust = LSShfiFxs = LSShfiFxa = Fy,,, -,/ 1,000 =Fy,. _-c,/ 1,000 ’Low-speed shaft thrust force (directed along the xs-/xa-axis) (this‘
lis constant along the shaft and is equivalent to the rotor thrust force),|(kN)

LSShftFya = Fy,, -e,/ 1,000 ’Rotating low-speed shaft shear force (directed along the ya-axis) (this is constant along the shaft), (kN)‘

LSShftFza=F,, -e,/ 1,000 ’Rotating low-speed shaft shear force (directed along the za-axis) (this is constant along the shaft), (kN)‘

LSShftFys =—F,,. -c, /1,000 Nonrotating low-speed shaft shear force (directed along the ys-axis) (this is constant along the shaft), (kN)

LSShftFzs = Fy,,,. -c, /1,000 ]Nonrotating low-speed shaft shear force (directed along the zs-axis) (this is constant along the shaft), (kN)\

RotTorq = LSShftTq = LSShftMxs = LSShftMxa = M 2" -e, /1,000 = M ;" -¢, /1,000 | Low-speed shaft torque (about the xs-/xa-axis) (this is

Rotor Rotor

constant along the shaft and is equivalent to the rotor torque),|(kN-m)
LSSTipMya =M " e, / 1,000 Rotating low-speed shaft bending moment at the shaft tip [teeter pin for 2 blades] [apex of rotation for 3 blades]

Rotor

(about the ya-axis),|(kN-m)
LSSTipMza = M %" -e, /1,000 Rotating low-speed shaft bending moment at the shaft tip [teeter pin for 2 blades] [apex of rotation for 3 blades]

Rotor

(about the za-axis),|(kN-m)
LSSTipMys =-M 32" -¢, / 1,000 ’Nonrotating low-speed shaft bending moment at the shaft tip [teeter pin for 2 blades] [apex of rotation for 3‘

Rotor

Iblades] (about the ys-axis),|(kN-m)
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LSSTipMizs = M ;% - ¢, / 1,000 Nonrotating low-speed shaft bending moment at the shaft tip [teeter pin for 2 blades] [apex of rotation for 3
blades] (about the zs-axis), (kN-m)
1 : .
CThrstAzm = MOD {A TAN 2(—-CThrstzs,—CThrstys)- (ﬁ) +360+ AzimB1Up + 90,3 60} Azimuth location of the center of thrust (about the
/4
xs-/xa-axis), (deg)
CThrstys’ + CThrstzs’ o . : L
CThrstRad = CThrstArm =\/ - Tt Dimensionless radial (arm) location of the center of thrust (always positive, directly
AvgNrmTpRd
radially outboard at azimuth angle CThrstAzm), (-)
_ LSSTipMzs _ LSSTipMys

and CThrstzs =
RotThrust RotThrust

RotPwr = LSShftPwr = (G p,7, + Gges. ) RotTorq = (G5, + Ggey. )- LSShftTq Low-speed shaft power (this is equivalent to the rotor power), (kW)

RotCp = LSShftCp = 1,000 RotPwr Low-speed shaft power coefficient (this is equivalent to the rotor power coefficient), (-)

ERho - ProjArea-V,;

where: CThrstys =

1,000 RotTorq

RotCq = LSShftCq = Rotor torque coefficient, (-)

> Rho - ProjArea-V; -TipRad

1,000 RotThrust

RotCt = Rotor thrust coefficient, (-)

ERhO - Projdrea-V;

where V) is the hub-height wind speed and the projected area of the rotor, Projdrea, is found as follows:
cos [Pr eCone (1)] + cos [Pr eCone (2)] }2

ProjArea = nTipRad’ { P

The rotor torque is equal to low-speed shaft torque as seen above. It is noted that this torque can be computed differently using the drivetrain

flexibility and damping, though the load summation method and this other constraint method are equivalent. This can be demonstrated as follows.

First of all, the equation above 1s equivalent to saying:

LSShfiTqg = "o, - M 2" /1,000

DrTr Rotor
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However, since | v el is equal to zero, it is also equivalent to say:

LSShﬁTq = ( Evll;rTr FR}:mrr + szrTr Mir()[:,‘):; ) /1 000
or,
LSSHfTg = By, /1000 or  LSSHATG =(Fy|, + Forr| 0oy * Forme s *

*
DrTr

B2

+F,

+
77| deroB2

From the equations of motion, it is easily seen that this is equivalent to saying

F

DrTr

/1,000

LSShfiTq = (—

DrTr | DampDrive )

ElasticDrive

FDrTr GravB2

Jason Jonkman
FASTLoads.doc
1/13/2025

+F;

DrTr

+ F

DrTr

st )/ 1,000

MEer

Rotor

LSShfiTq =(DTTorSpr-qy,;, + DTTorDmp -4y, )/ 1,000 (=

L

-¢, /1,000 | and is equivalent to the rotor torque)

Thus, both the load summation method and the constraint method are equivalent. However, if the drivetrain DOF is disabled, then | oy will equal

zero and (g, ;,

will equal zero, which implies that, at least, DTTorSpr 1s equal to infinity (since the product of DTTorSpr and

qu is, in general,

nonzero). Thus, to avoid using 2 different methods to calculate LSShfiTq , it is best just to use

Al ==t =

lOI the number of DOFs disabled: ]

M

Rotor

¢,/ 1, 000 which will always Work regardless

Like the LSShftTq , it is noted that LSSTipMya can also be computed differently using the teeter springs and dampers, though the load summation

method and this other constraint method are equivalent.

This also can be demonstrated as follows. First ot all, the equation above 1s equivalent to

saying:
LSSTipMya =y, - M2 /1,000
Or,
ME(0)+ME (0)+| r" +r® (0 xFSI PQ+rQS2 ><Fs’ 0
LSSTipMya = "o, - s (0) 35 0)+ (O))xFa [ _ ] ()/1,000
—mH(l’PQ-H’QC)X(EaC+gz2) IH EgH _EH (TH EH
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Now applying the cyclic permutation law of the scalar triple producti
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E _H

[Oe® x[rPQ +r2 (0)]-FBSII (0)+ ol x[rPQ +r% (O)J-FBS; (0)—

LSSTipMya = = =
+Eoft, | MU (0)+ M (0)-T" Fa ~ o xT" o™ |

HE_ H PO
m wTeet X(I’

/1,000

+rQC)-(EaC+gz2)}

E_SI

E_S2
vT eet

Recognizing also that Veer

(0) = o x[ 1" +r®(0)]

(0)= alt <[r"+1% (0)].

E.C _ E_H PQ oc .
and Vit = w,mx(r +r ), this can

r

’be simplified as follows:

Vi (0) Fyy (0)+ Py - M35 (0)+ "y, (0)- F (0)+ Feogey - Mg (0)=m" g, -(Fa + g2,
LSSTipMya = — — /1,000
__Ewget'(IH_EaH+EwHXIH'EwH)
o]
LSSTlpMya = (FTect|B] i+ FTeet B2 + F;eet H + FTeet GmVH)/]’OOO
or,
LSSTlpMya = (Fthet H + F;eet BI + F;eet B2 + FTeet AeroB1 + FTeet AeroB2 + FTeet GravH + FTeet GravB1 + Teet |GravB 2 )/1’000
From the equations of motion, it is easily seen that this is equivalent to saying:
LSSTlpMya - (_ FTeef SpringTeet - FTe‘-’f DampTeet ) / ]’ 000
IF [ 1wt > TeetSStP, TeetSSSp - SIGN (g, )( Groer| — T eetSStP) , 0]
LSSTipMya =1 +IF||qy,,| > TeetHStP, TeetHSSp - SIGN (1,,, ) (||~ TeetHStP), 0| /1,000 (=M% .. /1,000)
+IF | Gy, <> 0,TeetCDmp-SIGN (41, )0 |+ IF [|gy,,,| > TeetDmpP, TeetDmp - 4y,,,,0 |
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Thus, both the load summation method and the constralnt method are equivalent. Thus, to avoid using 2 different methods to calculate LSSTipMya

Rotor

if various DOFs are disabled, it is best just to use M e,/ 1,000 , which will always work.
| l




19 Jason Jonkman

FASTLoads.doc
1/13/2025

Shaft Strain Gage Loads!
There are 4 output loads at point SG on the low-speed shaft [which is a point on the shaft a distance ShftGagL towards the nacelle from point P (or

point Q for a 3-blader since point|P|does not exist)]. These are 2 of the 3 components of the shaft bending moments, | M :®*° (2 components are

Rotor |

expressed in a nonrotating frame, 2 components are expressed in a rotating frame, and third component which is directed in thle‘c1‘ direction is not|
used because 1t 1s the same as the rotor torque). Since the low-speed shait 1s assumed to be rigid and massless between pomts] Pl and SG, it is easﬂ)ﬂ

 ——
seen that:

MEESS — pplar _  rsG o g

Rotor Rotor Rotor

|since 1756 equals —56* ]

LSSGagMya = M~ -e, /1,000 = LSSTipMya + ShfiGagL - LSShftFza ’Rotating low-speed shaft bending moment at the shaft’s strain gages‘
((about the ya-axis),|(kN-m)
LSSGagMza = M ;%" -e, / 1,000 = LSSTipMza — ShftGagL - LSShftFya ’Rotating low-speed shaft bending moment at the shaft’s strain gages‘
](about the za-axis),|(kN-m)
LSSGagMys =-M ;%" -¢, /1,000 = LSSTipMys + ShfiGagL - LSShfiFzs Nonrotating low-speed shaft bending moment at the shaft’s strain gages|
((about the ys-axis),|(kN-m)
LSSGagMzs = M ;%" ¢, / 1,000 = LSSTipMzs — ShftGagL - LSShftFys ’Nonrotating low-speed shaft bending moment at the shaft’s strain gages‘
(about the zs-axis), (kN-m)

Note that no shear or thrust forces need be output at point SG since these would be the same as the shear and thrust forces at point P. Note also that

¢, M =c, - M25¢

Rotor Rotor

]and thus the low-speed shaft torque or rotor torque are constant along the shaft.\
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\Generator and High-Speed Shaft Loads!
There are 9 output loads on the high-speed shaft. The first and second are the high-speed shaft torque, HSShftTq , and high-speed shaft torque

coefficient, HSShftCq , whose convention is that it has a positive value when the LSShfiTq is positive. The third and fourth are the high-speed shaft]
]power, HSShftPwr , and high-speed shaft power coefficient, HSShftCp/. The fifth and sixth are the generator electrical torque, GenTq, and\

generator electrical torque coefficient, GenCqg . The seventh is the high-speed shaft braking torque, HSSBrTq . The eighth is the generator electrical

power, GenPwr . The ninth is the electrical generator power coefficient, GenCp .

]From a simple free-body diagram of a black-box gearbox,

LSShfiTq - GBox: Ef]‘(‘SIGN(LSShﬁTq)
GBRatio

when the LSShfiTq is positive), (kN-m)

HSShfiTq =

’High-speed shaft torque (this is constant along the shaft and has the convention that it is positive

This can alternatively be written in terms of the high-speed shaft motions and torques through use of the equation for the GeAz DOF as follows.

From earlier work,

HSSHiTq — @b M s GO "
1,000 -GBRatio

or,

* * * SIGN(LSShfiTq)

(FDrTr BI + FDrTr AeroB1 +FDrTr GravB1 +FDrTr B2 + FDrTr AeroB2 + FDrTr GravB?2 +FDrTr H + FDrTr GravH )GBOXEff
HSShfiTq = .
1,000 -GBRatio

or,

* * * SIGN (LSShfiTq)
HSShﬁTq _ (FGeAz BI + FGeAz AeroB1 +FGeAz GravB1 +FGeAz B2 + FGeAz AeroB?2 + FGeAz GravB?2 +FGeAz H + FGeAz vaH)GBOXEff

1,000 - GBRatio

From the equations of motion for the GeAz DOF, it is seen that this is equivalent to saying

*

4 Gedz

— 7 15 ) GBoxE ffS]GN(LSShfth )

G GeAz GeAz

- F _
Gen Gedz | Brake

1,000 - GBRatio

GBFric

HSShfiTq = (

and thus,
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12 24
Genlner - GBRatio’ - . + GenDir - Genlner - GBRatio {(Z Folg, j + [Za’t( ol ) q. }} ¢,
i=4 i=7
+GBRatio-T°" (GBRatio- §g,,..t)+ GBRatio-T"" (1)

SIGN(LSShfiTq)
GBoxE ijIGN(LSShﬂTq) GBoxEff

HSShfiTq =

1,000 -GBRatio
or,

12 12
Genlner - GBRatio - §,,. + GenDir - Genlner - {(z ok, j + {Z;Zt( Fof ) g }} -¢, +T°"(GBRatio-q,,. ,t)+T"" (1)
HSShfiTq = =

i=7

1,000
or,

HSShfiTq = | Genlner - GBRatio- . + GenDir - Genlner *a"* - ¢, + T*" (GBRatio-§,,..t)+T"" (t) ] /1,000

HSShfiCq = 1,000 - HSShftTq
> Rho - ProjArea-V; -TipRad

High-speed shaft torque coefficient, (-)

| HSShftPwr = HSShftTq - GBRatio-q,,,. |
HSShfiCp = 1000~ HSShfiPwr

’High-speed shaft power, (kWi

High-speed shaft power coefficient, (-)

E Rho - Projdrea-V;

HSSBrTq =T""(t)/ 1,000 High-speed shaft braking torque, (kN-m)

GenTq =T°" (GBRatio-qg,,.,t)/ 1,000 Electrical generator torque (positive reflects power extracted and negative represents a motoring-up
situation or power input), |(kN-m)




22 Jason Jonkman

FASTLoads.doc
1/13/2025

1,000-GenTq

GenCq = Electrical generator torque coefficient, (-)‘

> Rho - Projdrea-V; -TipRad

Though the HSShfiTq is calculated the same regardless of the generator model employed, GenPwr is not. Similar to how power is transmitted

through the gearbox with a simple efficiency, for the simple generator or simple variable-speed generator control models, the electrical generator
| power 1s as tollows:]|

SIGN[ T%" (GBRatio-qg. 1)

GenPwr = GBRatio - q,,,. - GenTq - GenEff
]represents a motoring-up situation or power input), (kW}

/1,000 ]Electrical generator power (positive reflects power extracted and negativd

’And for the Thevenin-Equivalent induction generator modell

GenPwr = (PW”Mechan eat = PWF iorross — P W iosistiveLoss ) /1,000 ’Electrical generator power (positive reflects power extracted and negative
’represents a motoring-up situation or power input), (ij
where,
PWrynamicas = GBRatio -4, - T°" (GBRatio - §g,,. 1) (the sign of this is governed by 79¢")
PWriyion = TEC _NPha|L,| TEC _S Res (always positive)
and
PWry, et = TEC _ NPha |7 5 |2 TEC RRes ((always positive)
where,
T — VIA
2
R, - TEC_RRes |, (x +TEC_RLR)}
Slip -

and
I =T+t _

TEC MRj

where the definition oﬂ Via, Re1, Xel, and Slip are given elsewhere and | j =+/—1 }
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Otherwise, the electrical generator power, GenPwr, is a user-defined function of the high-speed shaft speed, GBRatiotq,, AZY, and time
I

S~
—

Finally,

GenCp = £,000-GenPwr Electrical generator power coefficient, (-j

B Rho - Projdrea-V;
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There is-1 output load on the rotor-furl axis. This is the rotor-furl moment about the rotor-furl axis.Of course, we could also output all 6
components of the force | Fy,, p, /\ moment | M . acting on the rotor-furl axis at point V on the nacelle. Following the analysis for finding the
blade oot toads, the new generalized active force forthe equations of motion resulting fromr these new toads Ts:
E V V Nay —
VGen,Rot_ v, FGenRot MGenRot (r_1’2""’22)

]Thls generalized active force must produce the same effects as the generalized active and inertia forces associated with blade 1, blade 2, the hub, the\
]drlvetram and the structure that furls with the rotor. Thus,

£
" 1Gen,Rof Y7 + F; AeroB1 +E GravB1 + "\ ElasticB1 T "1 DampB1 T " 1B2 + F; AeroB2 "1GravB2 + F:” ElgsticB2 + "I DampB2
*
+ F "|GravH + " |SpringTeet + "I DampTeet T E ‘ + F "lGen + E Brake + F; GBFric + | Elasti¢Drive | DampDrive (l" - ]’ 2" : ’22)
+F |GlavR " |SpringRF + "I DampRF
Since | © er and | © wfv are equal to zero unless r=1.2,...,11, the generalized active forces associated with blade, drivetrain, rotor-furl, and teeter
elasticity and damping, as well as the generator torque, HSS braking torque, and gearbox friction do not contribute to the rotor-furl loads (since also,
I | | | | I I . 4
ﬁ’ |EL sticB1° © T |DampBI > |ElasticB2 > |DampBZ > |SpringTeet > |DampTeet > |SpringRF > T |DampRF ’ b"l ElasticDrive > = 7 |DampDrive > |Gen > o |Brake , and ﬁ” |GBFric are equal to
zeroiflr = 1,2,...,11). So,
" 1Gen,Rot :F:’ Bl "1 AeroB1 r GravBl+ Y] 'l AeroB2 "1GravB2 +F; H "\GravH +E’ R yravR +F;’ G (}":1,2,...,11)

’When using the results for hub and rotor loads, this equation can be simplified as follows:‘

" |Gen,Rot =4 Rotor + E’ R + F;’ GravR +F;‘ i (l" = ]’2" ) ’]1)
Thus,
_E P P L@P R E_D E _D E R R E_R E_R_TR E . R E G G E_G E_G_7G E_G _
Aoenror = Ve Froor + LM - v, ( a +gz2) (I a + "o xI"- "o ) (I a’ + "0’ xI"- "o ) (r—],Z,...,]])
However, | wf , o, F er , and|“ @ are all equal when|r|is constrained to be between 1 and 11. Thus, when grouping like terms:
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oo = 08 Fay = m" 57 (Pa” g2, )+ "o (M ~T" - Fa® — P xT* - Fo" T - Fa® ~ 0 xI°- "6 ) (r=12.....11)
Recognizing also that |“v” = #y" + F@ erﬂ ‘Ev” EyY 1+ Fw™ x|, when|r = 1,2,...,11, this generalized force can be expanded to:
"GenRot:(Ev:’/-i_ijVXrV ) FRIZIIOI'_ R(Ev:/+Ewr]'verD).(EaD+gz2)
| Eq L@P _ TR E af — EgpR TR _E of J6 E_G_E ° 36 E_G (r:],2,...,]]
+fo) (Myer T 1 —T1°.%q <I°-Fof)
]Now applying the cyclic permutation law of the scalar triple producti
Fle ,Rot_ [Fétor_mR(EaD‘*‘gzz)]"'Ew}N'[ VPXFzg)mr_mRrVDX(EaD+gzz)} ( )
r=1,2,...,11
+Ew (MIIS% TR.EgR _E R TR E R _TG E,G _ EGIGEwG)
’Which Simnliﬁeq tO"
r = Fétor_mR(EaD+gz2)
ooy = | _ (r=1,2...11)
+Ew (M£%+FVPXF1£tor mRrVDX(EaD_i_gzz)_IR.EaR EpR TR . EqpR T . Eq® _Egy6 <TG . EwG>

Thus it is seen that|

V P E _D
FGen = FRotor - ( a + gzz)

MN%RM_ML@P”VPXFP _mR’VDX(EaD+gZ2)—TR~EaR E@f xT® E® T Ha® — 0 xT¢ - o

Rotor Rotor
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Thus,
Vv E_D = d E_D
FGenRat Rotor_ {(Z v sz |:Zdt( l )q:|+gz2}
i=4
12 12
M3 £ -l (50005 [ S ()4 o5

i=1 i=4

= {(mﬂ[z;ﬁ R)ql}} bor 8o {(i‘gw%j{i%(fwf) q} P

i=4 i=7 i=4 i=7

Or]
SR o Am B (r=12,...,14;16,17,...,22)

12 d
Rbagaf= i} 334 (*+7)a }

L =4

My, %-‘m Gk x Ey? TR ER _T6.E@S (r=12...14:16,17.....22)

Li=4

13

_712 Irijt(EwiR)ql—‘ E )R IR E )R IG IVZ%(E“):G)%—‘ E )G IG E )G

i=7 | i=7

RFrIBrM = M gor |- rfa /1,000 ’Rotor-furl bearing furl moment (about the rotor-

Like the LSShftTq and LSSTipMza, it is noted that the rotor-furling furl moment can be computed differently using the rotor-furl springs and dampers,
though the load summation method and this other constraint method are equivalent. This can be demonstrated as follows. First of all, the equatlon"‘
above 1s equivalent to saying:

M /1000

RF rl Gen,Rot

RFvIBrM =
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Or,
RFrIBrM |= * oy, - [ML@P+rVP><FP —mRrVDx(EaD+gz2)—7R~EaR E® x I Fa® —T° - Fa® — P x1°.* G}/ZOOO

Rotor Rotor

]Now applying the cyclic permutation law of the scalar triple producti

szl;m "’ FRI:)tar —m" EwII;Frl r? '(EaD + gzz)
RFrIBrM |= /\1,000

E_R L@wP R E R E R R E R G E G E G G E_G
+ Py (Maen T 1 ~I°.*q <1 o)

Ve VD

. . R E_G .
Recognizing also that |*vy,., = fog,, xr'" and [Py, = fof,, xr'”, and also that‘ Oy L Opp, and | f oS, | are equal, this can be expanded

S

£ 11
as TOIIOWS?

Rotor Rotor vRF rl

RFnBer[ Ve Faor + 50k - M2l —m* Fy? -(EaD+gz2)—EwII§Fr,-(TR-EaR-+EwRXTR-EwR) Fwl,, - (IG-EaG+Ea xIC.F G)}/] 000

or,
REFIBEM = (Fy| o + o] + Fural g * Fore )/1 000

or,

RFrIBrM =(Fyp| + Fapn|, + Fren|,, + Fru|, + Frtn| .+ Frritl sorosr + Frrt| oo = Frrvtlarann = Frtvtlcrais + Frritlcrass + Frrt| s ) /1, 000}

From the equations of motion, it is easily seen that this is equivalent to saying:

_FRFrl

RFYIBrM =(~Fy,

)/1,000

SpringRF DampRF
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RETISpr - q s, + IF[qu > RFriUSSP, RFrlUSSpr(qRF,, —RFVIUSSP),O}

+[F|:qu < RFrIDSSP, RFrIDSSpr (g, —RF’”IDSSP):O:' /1,000 (= MY .rfa/1,000)

Gen,Rot

RFriBrM =
+ REFIDMP - Gy + IF | sy <> 0, RFrICDmp - SIGN (Ggy )0 |

+IF |Gy > REFIUSDP, RErIUSDmp - 4y, 0]+ IF [,y < RFFIDSDP, RFrIDSDmp - Gy, 0]

Thus, both the load summation method and the constraint method are equivalent. Thus, to avoid using 2 different methods to calculate RFrIBrM if

various DOFs are disabled, it is best just to use| Mo s, - 1fa /1,000, which will always work.
|
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%There is-] outputload on the tail-furl axis. This is the tail-furl moment about the tail-furl axis. Of course, we could also output all 6 components of |
the force FTZV,, / moment| M, %" acting on the tail-furl axis at point W on the nacelle Followmg the analysis for finding th otor-furl loads, the new
[ 14 i i PRPS

eral £ e Aratione
lgcumauz,ud active-foree-for the quatrons o

_E W w
FTatl

MN@W

Tail

(r:1,2,...,

rrail

This generalized active force must produce the same effects as the generalized active and inertia forces associated with the tail and tail fin. Thus,

" Tail - F;’ A + F:’ GravA + 7| deroA + 7| SpringTF + |\ DampTF (l" = ]’ 2" . ’22)
Since ‘E v” and |*w!| are equal to zero unless|r = 1,2,...,11} the generalized active forces associated with tail-furl elasticity and damping do not
contribute to the tail-furl loads (since also, |F, SpringTF and |F, pamprr| 3T€ equal to zero ifjr=1,2,...,11). So,

”Taile; A+F:’Grav/4 7| deroA (I":],2,...,]])

o =—m” vy - ( a +gz2) m" Fyl . ( a +gz2)+E Y FL  + ol (Mij—TA~FaA+EwA><IA E A) (r=1,2...11)
However, “o/ and |“®)" are all equal when|ris constrained to be between 1 and 11. Recognizing also that ~ “v! = *v” + Fo¥ xr” ,
Fyl =By 1 P x ™, and  EvF =5y 1 EpN " lwhen r = 1,2,...,11, this generalized force can be expanded to:

el ( v+ Fal xp” ) Ff - B(Eer +fo er')-(EaI +gz2)—mF(Eer +faV erJ)-(EaJ +gz2)

E A :AEAEA FA_E_A
+Eo (MAmA 1" *q I Fo')

]Now applying the cyclic permutation law of the scalar triple producti

(r:],Z,...,

11)
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rlrail —

=y .[F/ﬁmA —mB(EaI+gz2)—mF<EaJ +gz2)]

E_'N A WK K B_WI E_ 1 F_WJ E_J 74 E_H E_A_T7A E_A
+w, -(MAmA+r XF ., —mF x( a +gz2)—m r x( a +gz2)—l el -0 xI7-"w )

]Thus it is seen that,\

I TaioA —m’ (Eal +gz2)_mF(EaJ +gz2)

and

e 4],

J .. .. < d . d .
l :raA —m" {(z Evilqz'j"' VG + {ZE( Evil)qz‘j| +E( V1 )qTFrl + gzz}

+

11 B . 1 d . d .
+m" {[ . EvquijJr Veruliren j{ZE(EviJ)qi +E(EV;F”)C]TF” 8%

WK K B.WI _(E_I F Wl _(E_J T4 E_A E_A_T7A
roxF, . .—mr x( a +gz2)—m r x( a +gz2)—l ot =" xI-

i=1 i=4

i=4

and

Tail AeroA

_I

"

11 11 d
NaoW __ A WK K B_WI E_T:: E_1I .. E_ I\ -
MMV — a1 +r xF,, —mr x{(z v; ql)+ vm,qm,+[25( v; )qi}r

4
dt
L F Wi e | BT ATy dies .
mr X Z Vid; | T Vepa9rea T ZE( vi)qi +E( vTFrl)QTFrz+gz7
4

i=1 i=4

i=1 i=4

11

.. .. L d ) d .
z Ewiqu‘j‘i' * O 1Gre +|:ZE< ‘o )qi:|+5( Ew;‘Frl>QTFrl}_ ‘o

i=4 i=7

A E__A
xI"-"w

( Vi )q.TFrl + gzz}

r=12,..11
( )
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FTTil, =-m" Pyl —m" * rJ (r-]Z ]1,‘]5)
d ) L d . d .
FTP:il, =F,,—m { l4dt i z}"'Z(Ev;m)QTFr/+gzz}_mF{{;E(Ev,{)%]‘"E(Ev;m)‘hm+g7-2

MY = —mP " x Ey] —m" " < Ey! T Ff (r=12,...1115)

& d .4 [&Ld . d .
"w =M+ 1" X F i, —m"r" x {{ZE( Evil)ql] = dt ( vTFrl)qTFrl + gzz} m"r" X{ ZE( Evt"])qi +E( “Virn )C]TFrz + 8%,
i=4 =

_T7A. HdEA i A . E o) FA4 E_A
I Zdt( ; )q +dt( wTFrl)qTFrl xI" "o

i=7

|

Tail

TFriBrM = M Ng‘ -tfa /1,000 Tail-furl bearing furl moment (about the tail-furl axis),/(kN-m)

Like the LSShftTq, LSSTipMza, and RFrIBrM, it is noted that the tail-furling furl moment can be computed differently using the tail-furl springs and

dampers, though the Toad summation method and this other constraint method are equivalent. This can be demonstrated as follows. First of all, the

equation above is equivalent to saying:

TFrIBrM = wiy,, - M2%" /1,000

Or,

[

TFriBrM = * wjy,, - [M;‘mA "X FE mBrW’x(Ea'+gz2)—mFrWJ><(Ea"+gz2)—7A-EaA—Ewa7A~EwA}/1,000
|

|

Now applying the cyclic permutation law of the scalar triple producti

K pK BE, A wi (E,_1 FE, A wi (E,J
Opp X1 F o =M Oppy XT ( a +gzz> m— @pp, XF ( a +gzz)

+EA A TA E_A EA AEA /]000
wTFrl MAeroA_I a XI (2

TFriBrM =
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w1 wJ

. . K . .
Recognizing also that Vi = Lo, <t Byl =Pl <" and Py}, = Fogy, x ", this can be expanded as follows.‘

FE_J A

TFriBrM :|: Veen* Faoron + " Ot - M oy =" "7, '(Eal +gzz)_m VrFn '(EaJ +gz2)_ e '(I:A Fat+ Pt x T F A)}/I Oﬂﬂ
%
TFYIBrM =(Fry |

+ FTFV/

GravA + FTF rl

o ) /1,000 H

From the equations of motion, it is easily seen that this is equivalent to saying:

TFrIBrM = (— F

)/1,000

SpringTF TR DampTF

TFrISpr -y, +IF | Gy, > TFrIUSSP, TFrIUSSpr (s, — TFrIUSSP),0 |

+IF| q.,, < TFrIDSSP, TFriDSSpr( q,y,, — TFrIDSSP),0
[ (14 )-0] /1,000 (= M -tfa/1,000)

Tail

TFriBrM =
+ TFrIDmp - Gy + IF | G,y <> 0.TFrICDmp - SIGN (47, )0 |

+IF [qm, > TFrlUSDP, TFrlUSDmp - 4y, 0] +IF [qu < TFrIDSDP,TFrIDSDmp - G, 0]

Thus, both the load summation method and the constraint method are equivalent. Thus, to avoid using 2 different methods to calculate TFriBrM if

various DOFs are disabled, it is best just to use M tfa / 1,000], which will always work.
l
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'Tower Top / Yaw Bearing Loads]
There are 10 output loads at the tower top / yaw bearing location. 5 of them are the 3 components of tower top force F;’m, Rot

[ . ]
xpressedin a rotating frame, and T component is independent of rofation). The 5 other Toads are%
(again, 2 components are expressed in a nonrotating frame, 2 components are expressed

(2 components are

the 3 components of the tower top bending moment, M ot

117 o et odran o fapgann oaad 1 A ndaada s At .‘n PIPOA | r\—v\r\-v\ f tat f A AN theoee laadea are given—tralat " A 4t gandaat (N oo gaa Aot ,J Nete that naneaofthece
I a 10udUITs T allic, allt 1T CUILHPULICIIU TS THUCpPTl CIIL O1 rota VUll). 711 ISt 1uaus IO STVOIT10iatlve o pPULL U dsS 11HUIv tca INULTC LIICLL nonNc-o1 tncsc
foads include the effects of the yaw bearing mass (YawBrMass), which would affect the forces but not the moments. Tn € new generalized active

’Iorce for the equations ot motion resulting from these new loads 15.‘

= Ey0.F? FMyes, (r=12..,22)

| Nac,Rot r Nac, Rot Nac,Rot

This generalized active force must produce the same effects as the generalized active and inertia forces associated with everything but the tower and

platform. Thus,

* * * *®
=F | F +F F
""INac,Rot "IN T "la " H " 1BI "1B2 "4

t+F +F +F +F +F +F +F +F F

14eroB1 "1 AeroB2 1 4eroA " 1GravN "1GravR "\GravH " |GravB1 "\GravB2 " IGrapA " lGen | Brake " |GBFric
(r=12...22)
r\SpringYaw | DampYaw " | SpringRF | DampRF " |SpringTeet | DampTeet " |SpringTF "\DampTF
pring. \p Pring. p.

+F , + , I .

" |ElasticB1 "1 DampB1 " |ElasticB2 "\ DampB2 | ElasticDrive | DampDrive

Since | * vro and * wf are equal to zero unless|r = 1,2,...,10, the generalized active forces associated with blade, drivetrain, yaw, rotor-furl, tail-furl,
1 [ |
generator torque, high-speed shaft braking torque, and gearbox friction do not con

top loads (Smce also’ Fr|Elach1 ? Fr|Damp31 ’ |Elmtch2 ’ |DampBZ > F |SprmgTeet r |DampTeet ? r |DampRF ’ r |DampTF > r |DampYaw ’
| B { l
VlElasticDrive ’ ﬁ"lDampDrive ’ b”lGen ’ ﬁ’”lBrake and ﬁVlGBF are equal to zero lfll" 1 2 10) SO’
| +F F'| +F, F'| +F, F’
"1 Nac,Rot I Bl + 1 AeroB1 "IGravB1 + " 1B2 "1 AeroB2 "1GravB2 + g + "\GravH + "R + " IGravK + e
. ol (r=12...,10)
1GravA + "1 AeroA + Y + "1GravN

’When using the results for the rotor-furl and tail-furl loads, this equation can be simplified as follows:‘
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7| Nac,Rot =4 Gen,Rot " Tail +F:’ N +F:’ GravN (7'=],2,...,]0)
_E_V |4 E__N NaV E_W w E_N NaWw NE_U E _U E__N JIN E_N E__N JTN E_|N _
E’Nc,Rot_ v, 'FGen,Rot+ , 'MGen,Rot+ v, .FTail+ @, 'MTail - v, ( a +gz‘)_ @, (I et + e <1 - T ) (F—],Z,...,]O)
However, |“w”| and |*w”| are all equal when ris constrained to be between 1 and 10. Thus, when grouping like terms:
_E.V 1% E. W w NE U (E_U E_B NaV NeW FN E_N E_N_TN E_N _
| Nac,Rot — vr 'FGen,R0t+ vr .FTail_m vr ( a +gz2)+ wr .(MGen,Rat—i_MTail -1 a - o xI™ - w ) (I"—],Z,...,]O)
Recognizing also that| “v" = #v? + £’ xr EyV = Ey0 1 PP xpO, and "y’ =Fy0 4 EJforB xr® | when |r = 1,2,.,10, this
generalized force can be expanded to:
_(E,O E_ B oV V E_O E_ B ow w N (E_O E_ B ou E U
rNac,Rt_( vr + wr xXr ).FGen,Rot—l—( vr + wr xr )'FTaiI_m ( vr + wr xXr )( a +gz2)
E_B NaV New FN E_N E_N_7JN E_N (7’=],2,...,10)
+ wr '(MGen,Rnt_i_MTail _I a4 - XI o )
’Now applying the cyclic permutation law of the scalar triple productj
_E_O V w N(E_ U E_ B oV V ow w N_ QU E_ U
7 |Nac,Rot vr .|:FGen,R0t+FTail_m ( a +gz2):|+ wr '|:l" XFGen,Rot+r ><F'Tail_n/l r X( a +gz2)i|
_ _ (r=12...10)
E_B NaV NaWw TN E_N E__N TN E_N
ol (MOsh, + MY ~TY P —Fo xT" - Fo)
'which simplifies to!
_E_O V w N(E_ U
F;NC,R(”_ v, '[Fcen,Rot"'FTail_m ( a +gzz):|
_ _ (r=1,2,...10)
E_ B NaV NaWw oV V ow w N_,0U E U TN E_JN E__N TN E_N
+ o, .[Mcen’Rm+MTai, 17 XFg gtV XFp,—m'r x( a +gz2)—l at =" <1 - o }
Thus it is seen that,
0 4 W N(E_U
Fracror = Foenror + Faig = ( a +gz2)

and
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B@O _ agNav NaWw ov v ow W NpoU o (E,U 1\ E N E_N_TN E_N
MNacRot MGenRot MTml +r XFGenRot+r ><I;'Ttul X( a +gz2) A XI o
Thus,
0 12 WV J E. U ” d
FNatRot_FGenRot+FTall Z vi qi + Zdt l +gz2
i= i=4
and
= M@ M N F PULENS L ” d g vy .
Na Gen, Rot+ Tail +l" X Gen, Rot X Tail v qz ZE( vi )qz +gz2
i=4 |
TN HEN ”dEN E N_JN E_N
1" - (Z w; ql.]+ Zd—( ; )ql. "o xI" "o
i=4 = at
0 1% W U
FNacRot _FGean +FTatl _m vr (1”21,2,...,22)
[9) 12 W mV L d E. U
FNacRot _FGenRot +FTatl |:ZE( vi )qi:|+gz2
i=4
and
B@O Na@V NaW v ow W NOU  EU TN E_IN _
MNacRot _MGeant MTatl +r° XFGenRot r ><FTml —mr -1 @, (r—],Z,...,ﬂ)
B@O NaV Naw ov v ow w N_0U & d E_U ] ] TN < d E_ N N_jN E_N
MNacRot _MGenRot +MTatl +r XFGenRot +r ><I;'Tatl —-mr X ZE( vi )71 +gz2}_1 ZE( wi )qz —[o X T
i=4 - ] =7

The output loads are as follows)

YawBrFxn = FA‘,’M ro @,/ 1,000

’Rotating (with nacelle) yaw bearing shear force (directed along the xn-axis), (kN)‘

YawBrFyn = Nm_, ro 45/ 1,000 ’Rotating (with nacelle) yaw bearing shear force (directed along the yn-axis), (kN)‘

YawBrFxp = F A‘Zw ror - 07/ 1,000 ]Yaw bearing for-aft (nonrotating) shear force (directed along the xp-axis), (kN)\

YawBrFyp = -F A‘Zw ro 03/ 1,000 ’Yaw bearing side-to-side (nonrotating) shear force (directed along the yp-axis), (kN)‘

YawBrFzn = YawBrFzp = Fy, ., -d,/1,000=Fy, ...-b, /1,000 ’Yaw bearing axial force (directed along the zn-/zp-axis), (kN)‘
YawBrMxn =M ﬁ?ﬁm d, /1,000 ]Rotatmg (with nacelle) yaw bearing roll moment (about the xn-axis),|(kN-m)
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-d; /1,000 ’Rotating (with nacelle) yaw bearing pitch moment (about the yn-axis),|(kN-m)

YawBrMyn =-M Il\;’a@c,ORot

YawBrMxp = My, - b, / 1,000 ’Nonrotating yaw bearing roll moment (about the xp-axis), (kN-m)

YawBrMyp = -M ﬁ%";m -b, /1,000 ]Nonrotating yaw bearing pitch moment (about the yp-axis), (kN-mj
YawBrMzn = YawBrMzp = Mye%., - d, / 1,000 = M35  -b, /1,000 | Waw bearing yaw moment (about the zn-/zp-axis), (kN~mj

Like the LSShftTq, LSSTipMza, RFriBrM, and TFrIBrM, it is noted that the yaw bearing yaw moment can be computed differently using the yaw
drive spring and damper, though the Toad summation method and this other constraint method are equivalent. This can be demonstrated as follows.

First ot all, the equation above 1S equivalent to saying:

YawBrMzn = £ -Mﬁ%m /1,000

Yaw

[>

IV EgN _EgN TV, EwN}/I,OOO

_E_N NaV NaWw ov v ow w N OU _(E_U
YawBrMzn = wYaw-[MGen’Rm+MTa” + 17 X Fgp g t1° X Fpy—m™r ><( a’ +gz,

Now applying the cyclic permutation law of the scalar triple product;

E_N oV V E_N ow w NE_'N ou E_U
wYaw xr ’ FGen,Rat + wYaw xr ' FTail —m wYaw xr ( a + gzZ)
YawBrMzn = . Ny Nor SN EN EN_FN BN /1,000
4o, (Moah, + M =T Fa™ — P xT" - Fo")
.- E. U _ E_N ouU E.V _ E_N ov E.W _ E_N ow - R
Recognizing also that | Vrow = Oy XI5 [ Vyyy = Oy, X177, [and Vyaw = @y, XF" |, this can be expanded as follows.‘

| E.v v E_N NaV E. W W | E_N NaWw NE|U E U E N (FN E_N  Z E _N_JN E_N
YawBern—[ vy, - F, + Oy MG r T Vi Frg + Oy, My —m vYaw-( a +gz2)— wYaw-(I o+ e xIT e )}/1,000

Yaw Gen,Rot

or,
YawBrMzn =(Foy |+ Franlus * Fron], * Frael gy )/ 1000
or,
sl + | 4 Frl +Frol + Frsl + Fr| -+ Fr| +F, +F, +F,
Yaw Yaw Yaw Yaw Yaw Yaw Yaw Yaw | geroB1 Yaw|| 4eroB2 Yaw| geroa
YawBrMzn = N R ¢ " Bi B2 4 e o /1,000
+ FY‘IW GravN + FYaW GravR + FY‘IW GravH + FYHW GravB1 + Fy"W GravB2 + Fyaw Grav4
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From the equations of motion, it is easily seen that this is equivalent to saying:

YawBrMzn = (—FYaW

SpringYaw

Yaw

DampYaw

)/1,000

szern = [YawSpr (@ya, — YawNeut )+ YawDamp - q'YaW] /1,000

(=

Jason Jonkman
FASTLoads.doc
1/13/2025

M35 -d, /1,000

e constraint method are equivalent. Thus, to av

id using 2 different methods to calculate YawBrMzn if

various DOFs are disabled, it is best just to use

M
Nac,Rot

-d, / 1,000), which will always work.
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There are 6 output loads at the base of the tower. 3 of them are the 3 components of the base force| Fy,, (0). The other 3 are the 3 components of |

MX

the base bending moments, | M, ,

(0).

Note that the tower base loads are all output at the point on the tower where it changes from being rigid to

being flexible kh =0 P The new generalized active force for the equations of motion resulting from these new loads is:‘

F

r

Turb = Evf (0)'FTTI;"b (0)+ Ew:( .MX

Turb

(0) (r=1.2...,22)

’This generalized active force must produce the same effects as the generalized active and inertia forces associated with everything but the platform.

hus,
b * * * * * * *
"\ Turb =F T+F’ NE‘ ‘R+E G+F’ 1-1+Fr B1+F’ BzFr A
i F:’ AeroT +F" AeroB1 + "l AeroB2 + F; AeroA + F; GravT + F; GravN +F" GravR + F; GravH + F:’ GravB|l + F; GravB2 + F; GravA (I’ _ I 2 22)
" |SpringYaw | DampYaw " |SpringRF T E’ DampRF +F:’ SpringTeet + E’ DampTeet +F:’ SpringTF + E’ \DampTF T E’ Gen t " | Brake + E’ GBFric
i F:’ ElasticT + F:' DampT I\ ElasticB1 "1 DampB1 + F; ElasticB2 T F; DampB2 + F" ElasticDrive + | DampDrive
Since ‘E v, (0) and “®;' are equal to zero unless|r = 1,2,....6, the generalized active forces associated with blade, drivetrain, yaw, rotor-furl, tail-furl,

teeter, and tower elasticity and damping as well as the generator torque, high-speed shaft braking torque, and gearbox friction do not contribute to

the tower base loads (since also, £ |, .

J J J J J J J
F;|DampBI ? F;’|Elast[cBZ ? F;|Damg32’ F;|Sprin Teet ° F;|DampTeet ’ F;|SpringRF ’ E’|Dan

J J J
RF E’|SpringTF ’ E’|DampTF ’ F;’|SpringYaw’

E’|DampYaw ’ F;|ElasticDrive ’ Fv’|DampDrive ’ F:’|Gen ’ F;|Brake ’ F:’|GBFric ’F:’ ElasticT ° and E|DampT are equal to zero lfr - 1’2" . "6 ) SO’
* * * E
b ‘Bl +F" AeroB1 + "1GravB1 +F; B2 +E AeroB2 +F" GravB2 +F; H +F" GravH +F‘V R +F; GravR +F; G ( 1 2 6)
r=1,z,...,
£ * £
F:’ A + F; GravA + F; AeroA +F; N + F; GravN + E’ T + E’ AeroT + "1GravT

When using the results for the tower-top loads, this equation can be simplified as follows:

Turb

r

”

Nac,Rot

»

T

+F

"l deroT

r

GravT

(r=12,....6)




39

=50 FC  + P’ MO

7w Nac,Rot

TwrFlexL

0

TwrFlexL

Nac,Rot -

0

i I [EvrT(h)'FAz;ror(h)+EwrF(h)

e (1) |l

u’ (h) EyT (h).[EaT (h)+gz2:|dh—YaWBl”MaS‘SEV:) -(an +gZ2)

However, ‘o, ‘o] (1), and|“® are all equal when[r|is constrained to be between 1 and 6. Thus,

r 2 r

4 BV FQ et F0Y - MESS

b Nac,Rot r Nac,Rot

TwrFlexL

0

TwrFlexL

b [ [P () Flr () + 0 (1)

Evf (h).[EaT (h)+gz2]dh—YawBrMassEvo (an +gz2)

feror () ]

r

Recognizing also that| “v? = vy (0)+ “o x[rzo —r (0)] ,

(r=1,2,...6)

(r=12...6)

generalized force can be expanded to:

F

TwrFlexL

0

TwrFlexL

s = (P 0)+ P X[ 1 0)]| -

= ] W)+ FaX [ (1) (0)])

—YawBrMass{EvrT (0)+ fw) x[rzo - (0)]}-(an +812,

Now applying the cyclic permutation law of the scalar triple product and simplifying:

(h)-r" (0)} , when
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1,2,...,6, this

r=12,...,6
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TwrFlexL
R (0)-[F131L_,Rot —YawBrMass(an +gz2)+ {F}mT (h)—u' (h)[EaT (h)+g
0
Mo, + [rlo -7 (0)} x [F,%C’Rw —YawBrMass(an + gz, )]
-+ Ewr TwrFlexL Twrh
+ [r” (h)—r"" (O)JX {F}mT (h)—u' (h)[EaT (h)+ gz2]} dh +

0
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an

(r=12...,6)

flexL

MjeroT (h) dh

]Thus it is seen that,

TwrFlexL

E’T{"b (0)=Fr, por — YawBrMass( Fal + gz, ) - {FATmT (h)—p" (h)[ “a” (h)+ gzZ‘]} dh
o 2|

ﬂb (0) = Mﬁ%&m +[rzo -7’ (0)] X[FA‘,’“,M —YawBrMass(an + gz, )}
+TwrFlexL [rZT (h)—#"" (O)JX{FATemT (h)-u" (h)[EaT (h)+gz2]} dh+Twr1J¢_1exLM:4Fer0T

0

10 10 d T TwrFlexL
FTTt;rb (0) = FI\(’)ac,Rot - YaWBT”MaSS {[Z Evioqz‘) + [ZE( Ev?)qi + gz2}+ {FATemT (h -
i=1 i=4 _ 0
land|
10 10
My, (0)= M5, +[ 17 -1 (0)}{17,3&“ - YawBrMass{ > Ev,."ql.j J{Z%( )4,
i=1 i=4

TwrFlexL

T
+ FAeroT

[ )= 0]

0

-w

10

2.

i=1

v/|())

(h)dh

10

2

i=4

d

ﬂr(h){(;z"; EviT(h)qij+|: dt(%f(h))@}g@}}dh

)
oo

TwrFlexL

MF

AeroT
0

g, (h)dh
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Or,

TwrFlexL

FT{er, (0)=F]$M,R0tr :zssEvro — I ,uT(h) EvrT (h)dh (r=1,2 ..... 22)

0

10 d ) TwrFlexL 10 d )
Fr, (0)= F -185{{ZE(EV?)qi}+gzz}+ | {FATM(h)—uT(h){ZE(EviT(h))q,-}gzz}}

i=4 0 i=4

and

M, (0)= M2, +[r% 7T (0)x(Funy, YawBrMass™®)~ | [r ()= (0) <[ () 557 (W)]ah (r=12....,22)
0

10
M, (0)= M2, +[r* 77 (0) x| ke, YawBridasy [z d (Ev:’)q'i}gzz}}

i dt

TwrFlexL

+-Twrf%[rﬂ<h)—rﬂ(o)]x(FAcmT<h)—uf<h>{@%<£vf e A

TwrBsFxt = Fy,, (0)-a, /1,000 ’Tower base fore-aft shear force (directed along the xt-axis), (kN)‘

TwrBsFyt =—Fy,, (0)-a; /1,000 ’Tower base side-to-side shear force (directed along the yt-axis), (kN)‘

TwrBsFzt = Fy,, (0)-a,/1,000  |Tower base axial force (directed along the zt-axis), (kN)|

TwrBsMxt = My, , (0)-a, /1,000  |Tower base roll (or side-to-side) moment (i.e., the moment caused by side-to-side forces) (about the xt-axis))
(kN-m)
TwrBsMyt =-M, , (0) -a, /1,000 ’Tower base pitching (or fore-aft) moment (i.¢., the moment caused by fore-aft forces) (about the yt-axis), (kN-m)

TwrBsMzt = M}, (0) -a, /1,000 ’Tower base yaw (or torsional) moment (about the zt-axis), (kN-m)‘
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|Tower Local Moment Outputs]
There are 3 output loads at any of the selected tower node locations i (h = H Node i E( i=12,. 5) These are the 3 components of the bending moment

M, . (H o ’) expressed in the local tower element coordinate system (principal structural axes) Examining the results for the tower base loads, it
follows that:

M}, (HNOde ’) Mﬁa@c‘;m [rzo —rT (HNOde ' )} [FA‘,)MM YawBrMass( Fal + gz, )}

TwrFlexL TwrFlexL (l =] ]’ 2’, . ’5)
o [ [T ()= () [} E L, () i ()] Pa” (h)+ g2, |Jdh+ [ M, (h)dh
0 g Node i

The output loads are as follows]

TwHtiMLxt = M}, , (H Noder ) -t (H Noder ) /1,000  Tower local roll moment of tover gage|i (about the Jocal xt-structural axis), (kN-m)

TwHtiMLyt = -M, . (H Node i ) ¥ (H Node i ) /1,000 Tower local pitching moment

TwHtiMLzt = M, . (H Node i ) ) (H Node i ) /1,000  Tower local yaw (or torsion) moment of tower gage|i (about the local zt-structural axis), (kN-m)
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Platform Loads:]

There are 12 output loads at the platform reference point. 6 of them are the 3 components of the platform force F;ydm (3 components expressed in

1 1 PP 1. 1A P 1 . S p— P | A ~ 1 PP
the tower base /_platform coordinate SyStem and 5 components eXpressed 1n the mertia frame). 1he rémaining 6 are the 3 components o1 the platiorm

moment | M gy@;fo (3 components expressed in the tower base / platform coordinate system and 3 components expressed in the inertia frame). These

1 1 ] l h 13- 1 /1 . 1= £ 3 h 1 1 ral
arc the toads transmitted from the water/ mooring I1nes or roundation to tn€ platrorm.

The output loads are as follows]

PtfmFxt = f ; llm -a,/ 1,000 ’Platform horizontal surge force (directed along the xt-axis), (kNj

PifmFyt =—Fy 1!"’ -a, /1,000 ’Platform horizontal sway force (directed along the yt-axis), (kN)‘
PifmFzt = Fy,, -a, /1,000 [Platform vertical heave force (directed along the zt-axis), (kN)
PtfmFxi=F ;ydm -2,/ 1,000 Platform horizontal surge force (directed along the xi-axis), (kN)
PtfmFyi =—F, }fydm -z, /1,000 ’Platform horizontal sway force (directed along the yi-axis), (kN)‘
PifmFzi = Fy,,, -z, /1,000 Platform vertical heave force (directed along the zi-axis), (kN)
PtfmMxt =M ,’;y@;o -a,/ 1,000 ]Platform roll tilt moment (about the xt-axis), (kN-m)

PtfmMyt =—-M 1);% -a, /1,000 ’Platform pitch tilt moment (about the yt-axis), (kN-m)

PtfmMzt = M gy%lm -a, /1,000 ]Platform yaw moment (about the zt-axis),|(kN-m)

PtfmMxi = M ;‘y@,,ﬁ, -z, /1,000 ]Platform roll tilt moment (about the xi-axis), (kN-m)

PtfmMyi =-M gv@di, -z, /1,000 ’Platform pitch tilt moment (about the yi-axis), (kN-m)

PtfmMzi = M ,fy%zm -z, /1,000 [Platform yaw moment (about the zi-axis),|(kN-m)

However, there are two loads, | F7, and| M #“|, that are useful to use when assembling the equations of motion. Both of these loads are always equal

zero, defining the balance between all inertia loads and all applied forces. It makes the most sense to discuss these loads in this section. The new

Frm— . = r— . . Fw 3 3 Fa——
gencralize€d active 10rce 101 the equations oI motion resulting Irom thes€ new loads ISZ‘

E| =% Fi+ eX M%* (r=1.2,.,22)

rlan All r All
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This generalized active force must produce the same effects as the generalized active and inertia forces associated with everything. Since

EyZ and

r

X are equal to zero unless|r=1,2,...,6, nothing but inertia, gravity, aerodynamics, and hydrodynamics contribute to these loads. So,

rlAll - F" Bl +F" AeroB1 "\GravB1 +F" B2 +F; AeroB2 "\GravB2 +F:' H +F" GravH +F" R +F:’ GravR +14” G (]/' _ ] 2 6)

+E’ A + F; GravA + F;’ AeroA +F:’ N +F;’ GravN + E’ T + E’ AeroT + F:’ GravT +E’ X +F:’ GravX + Jp; HydroX
’When using the results for the tower base loads, this equation can be simplified as follows:‘
F;’ All =4 Turb +F;' X +F;‘ GravX | HydroX (l" = ]’2""’6)

L= (0)Fl (0)+ F0F M (0)+ 7 - Fioy + o0 Myt 537 (g ) [P0 (T 50 + 20" < T F00¥) (r=1.2...6)
Recognizing also that| “v] (0) = “v? + f xr*" (0) and ' =y 4 EX xr?|, when|r = 1,2,....6, this generalized force can be
expanded to:

E_Z E_X zZT T E_X X E_Z7Z z E_ X X
’AllZI: vr + wr xXr (0):|FTurb(0)+ wr .MTurb(0)+ vr .FHydr0+ wr ‘MH_}% )
_ _ r=1,2,..060
_mX<Eer + Eg¥ szy)_(EaY +gz2)_ E ¥ _(IX EgX L EpX TX. wa)
Now applying the cyclic permutation law of the scalar triple product and simplifying:
rl 411 = Eer ) |:FT71;rb (0) + FIfya’m _mX (EaY + gz? ):|
_ _ (r=1,2,...6)
4 E0X | M, (0)+ MO +17 (0)x Fiy (0)=m" v x(Pa” +.g2,) - T - Fa* ~ o™ xT* - For* |
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[Thus it is seen that,

:FTTt;rb(O)-i_FIfydro _mX(EaY"‘gzz)

and

X _ZY

M =M, (0)+M§,‘y@,;,zm +r7(0)x Fy,, (0)—m" r*" x

(EaY +gz2)_:

Thus,)

6 6 6
i1 ‘

i=1

land|

— 6
M =M, (0)+ (Z W g ] MY T (0)x FL
Jj=I

(EZ) = F},,)[(0)+ F;,,| €@ B8 [(r=12,...,22)

(B2 = Frod|(0)+ By {f:%( v )4, _:]+ gzz\}

i=4
anEI

M? = M, (0)+r7 (0)< F, (0)+ Myg, —m"r

Hydro,

M =Mz, (0)+r™ (0)x Fy,

Hydro,
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rurs, (0)+ M g, —m" r ™ x
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[Equations of Motion In Terms of Loads]

The reason for finding the partial loads is that many portions of the equations of motion can be expressed in terms of the partial loads instead of in the

form given in “FASTKinetics.doc”. Incorporating the partial loads into the development of the equations of motion is beneficial Since it requires 1€ss

computation time to compute the loads 11 members ot the loads were already tound when compiling the equations of mofion. For example, many

integrations must be made to develop the portions of the equations of motion associated with the blades. Several more integrations must be made in

order to find the Ioads once the accelerations are found. When using partial loads associated with the blades to develop the equations of motion, the

additional integrals to Tind the loads once the accelerations are tfound will be unnecessary. The main point is that the equations of mofion and the

output loads are inherently coupled, and the entire simulation can be done with fewer computations if the system of equations is developed with the

load outputs in mind.|

Examining the results from the previous sections of this document, it is easy to see that many portions of the equations of motion can be written in

terms of the partial loads as follows:]

<
N

[c(a0], +[c(a0)], +[c(a.0)] Bz}(Teet,r),(r,Teet):—Eme M (r212,.,14,16,17,...,22)

:[C(q t)]H+[c(q,z)]\m+[c(q,t)]\w}(mn,r),(r,Dm): Oy MEE (r=12,...,14;16,17,...,22)

[c(a0)] +[c@n] +[c@n], +[c q,z)}m+[c(q,t)]m](mz,r),(r,RFrz): R MY (r=12,...14,16,17,...,22)
(4
(9.

e
\+[c(q,t)]H+[c(q,t)]\m+[c(q,;)]\32+[c(q,t)]\Aj(Yaw,r),(r,Yaw):_Ewgm.M;a@;;m (r=12,...,22)
e

<
N

H}(a,r),(r,a) C Fror, T 50 -Mye, |(a=7.8,...,10,r=12,...,22)

B + [C(q,t)] ok +[C(q,t)] . + [C(q,t)] . +[C(q,t)] .
a1)], +[C(an)], +[c(e0)],, *[C(a],, +[C(a],
, ] . +[C(q,t):| - +[C q,t :| . +[C(q,t):| +[C(q,t)] .

](a,r),(r,a =t} -My" (a=4,506r=12,..,22)

:l(a,r),(r,a) = _EypZ FAZ” (a:],2,3,rzl,2 ..... 22)

i +[th:” [C(q.) \ +[th]\ +[C(q.t ]
Cola O ATEA 2\ (v TEAN — _Epd . pgNaw (. =12 717-75)
[Clg.))| (TFrLr)(rTFH) == o, -Mos?  (r=12,...11:15)
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élThis last expression is not needed; instead, just add [C (q,t)]‘A (15,15 )}

Also, since DOFs DrTr and GeAz are so similar]
[c(a.0], +[clan)],, +[c(a.0)],, |(Gedzr).(r.Geaz)

-[[c(an)], +[c(an)],, +[C ()], |(DrTrr).(r.DrTr)

(r=12,..,14:16,17,...,22

é;This last expression is only used for (r =13,14,16,1 7,...,22} however. This is because if this expression was used for all of the r’s; then the

[C (q,t)]G effects for the generator azimuth DOF row and column would be removed for (r =4,5,...,1 2), which is undesirable.

]The only additional terms that need to be added to the overall mass matrix are as followsi ———— —

[C(g.1)]| (Row,Col=16,17,18), [ C(g.1)] (Row,Col=19,20,21), [C(q.t)] (Row,Col=7.8....,10),[ C(g.1)] (15,15),and [C(q.8)]
L

{{_f g ’t)}H+{_f(q’q’t)}‘vaH { q 9. t }‘ + f }‘GavBJ+{_f(q"q,ti)}‘AeroBl

Bl

-

Bz+{_f(q’q’t)}c VB2 { t)}‘A 0B2

Worwss +17 ‘W}Lﬁ{ JCED) R
|

+ _f(q’q’t)}GaBz { t)

(Teet)=Fof., - ML

AeroB1 _E_ L L@P
(DI”TV) - wDrTr MRotor,

AeroB2

=r(@an), - (aan)l|,  +1-/(dq )‘H{ f(aa.0), +{—f(‘?"1:’)}Gmﬂ_
= @anll, + (7 (@0, = @an)], (RFrl)= "ol - Mins
H=f(@a0)l|,, +H{-r(@a0))|  +{-/(dq1)]

AeroB2
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(Row)= *vg,, - Fg  (Row=12,3)

-
—~ = X
3

+{_f(q’q’t)}‘Grav31+{_f(q’q’t)}‘Ae,»oBJ}(ROW:]6’]7’]8)’ {_f(q’q’t)},pza-ffpgz+{_f(q’q’t)},nampm’
+{_f(q’q t)}‘G avB2 +{_f(q’q’t)} Ae,-oBZ}(ROW:19,20,2])’ {_f(q"q’t)}masticgz+{_f(q’q )}‘Dampw’

+{=1(@.q.1)}
+H{=f(@.q.1)}

DampRF’ {_f(q’q,l)}‘Spi‘ingTF * {_f(q’ q’t)} DampTF’ {_f(q’q’t)}, pringVaw
" {—f(q,q,t)}‘mr} (Row=7,8,...,10), {1 (d|¢.7)]

AeroT

DampDrive ’




