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The following are derivations of the entire equations of motion used in FAST for a 2-bladed turbine configuration. The various portions of the‘

equations of motion are organized according to their source. The equations of motion of a 3-bladed turbine are very similar.\

IBV a direct result of Newton’s laws of motion, Kane’s equations of motion for a simple holonomic system with 22 DOFs can be stated as follows‘
(Kane and Levinson, 1985):

F+F =0 (r=12...22)

’where, for a set of W rigid bodies characterized by reference frame| N /and center of mass poinq X 11

the generalized active forces are F = ZW: EyX . FY + Pt M (r =12,.. .,22)
j=1

1

and the generalized inertia forces are:

:q

ZW:E"’ (-m" Fa¥ )+ Pl (-FHY) (r=12,...,22)

i=1

where it is assumed that for each rigid body |/, the active forces are applied at the center of mass point| X|. The time derivative of the angular
| L

momentum of rigid body | N, about its center of mass ‘ X in the inertial frame can be found as follows: ‘

(HN,» )+EwNiXEHNi
RN = or

IN E N,+ w 'XIN’-Ea)N’

For the wind turbine modeled in FAST, the mass of the platform, tower, yaw bearing, nacelle, structure that furls with the rotor, hub, blades,
generator, and tail contribute to the total generalized inerfia forces as follows: ]

*

H=F],

" T+E' ‘N

(r:1,2,...,22)

Bl

Generalized active forces are the result of forces applied directly on the wind turbine system, forces that ensure constraint relationships between the
various rigid bodies, and internal forces within flexible members.

Forces applied directly on the wind turbine system include aerodynamic Iorcesi
acting on the blades, tower, and tail fin; hydrostatic, hydrodynamic, mooring and/or foundation elasticity and damping forces, including added mass
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effects, acting on the platform; gravitational forces acting on the platform, tower, yaw bearing, nacelle, structure that furls with the rotor, hub, blades,
tip brakes, and tail; generator torque; HSS brake; and gearboX friction forces. Forces that enforce constraint relationships between the various rigid
bodies include springs and dampers for yaw, rotor-furl, teeter, and tail-furl (the simple workless constraint forces, for example frictionless pins or
rigid connections, do not contribute to the generalized active forces). Internal forces within flexible members include elasticity and damping in thei

]

tower, blades, and drivetrain. Thus,‘

F; - E AeroT + "1 AderoB1 + F;” AeroB2 + F; AeroA + F; HydroX + F; GravX + F;’ GravT + F:’ GravN + F;’ GravR + E’ GravH + F; GravB1 + F;'|GravBZ + F; GravA
I |SpringYaw + F; DampYaw + F‘r SpringRF + F" DampRF + F:’ SpringTeet + F; DampTeet + E’ SpringTF + F" DampTF + F‘r Gen + F" Brake + "|GBFric (V o ]’ 2" : ’22)
+ E’ ElasticT + F:’ DampT + E’ ElasticB1 T F; DampB1 + F:’ ElasticB2 T F; DampB2 + E’ ElasticDrive T ' |DampDrive

]Kane’s equations of motion can be written in matrix form as follows:\

g0l +1/(g.9.t)}= {0} or,  [Clg.0)lg}=1{-1(g.9.1))
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Platform:

The rigid lump mass of the platform brings about generalized inertia forces and generalized active forces associated with platform weight,

hydrodynamics and hydrostatics, and mooring line and/or foundation elasticity and damping, including added mass effects:.

E,*X:Evry-(—mXEaY)+Eer-(—EHX) (r=12...,22) where m" = PtfmMass
Thus

F = Eyy -(—mX an)+ X -(—TX Fa¥ —Fao¥<T¥. Ea)X) (r = 1,2,...,22)

where I = PtfmRInera,a, + PtfnYInera,a, + PtfnPlnera.a,

6

- (o[t [0 ] o[ 7 (e ) ot ot | e

i=1 i=4 i—d

Thus,

1l

[C(q,t)]‘){ (Row,Col)=m* "vy, - v, + Fap,, T fwl, (Row,Col = ],2,...,(@)

(=1 (.9.0)}|, (Row)=—-m" *v},, -{ig(%f )q,]— “op, (F0¥ xT* Fo*) (Row=12,...,6

i=4

GravX

’Thus,
[C(q,t):l Gravk 0
{~f(4.q.1))

r

=Fyr ~(—ngz2) (r=3,4,...,6) where g = Gravity

X E_Y

GravX(ROW):_m g vRaw'zz (ROWZ3,4,...,6)

=5y Fy L Rer MY (r=1,2,...,22)

r | HydroX r Hydro r Hydro

where the equivalent loads acting at the platform center of mass are related to F,fydm and M Ify@fm because the platform is rigid as follows:
FIZ}dro:Fvadm MX@Y:MX@Z +I’YZXFZ

= MXZ _ 2« FZ
since|r? = —r?.

Hydro Hydro Hydro Hydro Hydro
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But since |“v" = “vZ + “o xr?", this generalized active force can be expanded to:|
indrox :(Eer +foX xr?" ) Fip+ o (M,fy@dzm r F,fydm) (r=12...22)
’Now applying the cyclic permutation law of the scalar triple product, the generalized active force simplifies to
@z _
7| HydroX ~— =" rZ F;ydm ngdra (r B 1’2""’6)
Hya'm - {Z Hydm . i J + FIfydm and M;I(% [Z M;_}%fo QI ) M;I(_)%fn
Jj=1
where,
6
Fliny, = (Zau v} J j=12...6) and M = —[Zalj Ewin (j=12...6)
i—4
with |a; (i,j=1,2,...,6) being the added mass coefficients (or equivalently, [a] being the added mass matrix), | F, }fydm (j=1.2...,6) and
M gy@% (j=1,2....,6) being the partial hydrodynamic added mass forces and moments, and | Fy,,, and M5 | being the contributions to | F,; N
and | M ;%2 ) that don’t depend on platform accelerations.
Thus,
]
Pl = © Kﬂ_j H} +Fa ngﬁ% i+ M=) (r=12...5)
and
I:C q’ :IHydroX ROW’ COI) = [a](ROW’ COI) = _Evlfow ’ ff.}’d"”c.;l - Ewl)?(ow : g.}%f”aﬂ (ROW’ CO
{ (q q.t }Hyde (Row) = Ve Flfydm + Ew,fow ng@dzm (Row=],2,...,6)
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Tower:

The distributed properties of the tower bring about generalized inertia forces and generalized active forces associated with tower elasticity, tower

damping, fower aerodynamics, and fower weight. Note that 1 eliminated the fower mass tuners, since 1t 1s redundant to have both mass and stifiness

tuners when trying to tune tower frequencies (fo tune the frequencies for individual modes, all that 1s needed is to tune the mass or the stiffness for

the individual modes, but not both). Note also that I eliminated the tower stiffness tuner’s effects on the gravitational destiffening loads. It is also

I

beneficial to eliminate the tower mass tuners because the tower mass density 1s needed to compute the tower base loads and thus these tuners aﬁect“

[the tower base loads directly—this makes the form of the tower base load equations considerably more complex and considerably Iess intuitive.|

Since the tower elastic stiffness does not directly influence the tower base loads in a fundamental way, the retention of the tower stiffness tuners is

much more favorable than the retention of the tower mass tuners (recall that only one set of tuners needs to be retained in order to permit the user to

match natural frequencies). The elimination of the tower stifiness tuner’s effects on the gravitational destitftening was done for the same reason (1.e.,

the gravity loads directly affect the tower base loads, and thus, tower stiffness tuners make the form of the tower base load equations considerable

more complex and considerably less intuitive). The fact that the gravitational destiffening of the tower is small compared to the overall stiffness o

the tower 1s another reason this elimination of stiffness tuning effects should not be of significant concern.

TwrFlexL

=— I w' (h)Ev] (h)-“a" (h)dh—YawBrMass v - *a® (r=12,...,22) where u' (h)= AdjTwMa-TMassDen (h)

10

Fl == [ ()5 (h)-{(ﬁ; £yt (h)c‘jl.j{i%(‘?vf (h))qi}}dh—YawBrMassEvro {[z Ev,."q,.j{Z%(Evf’)qi} (r=12.....10)

0 i=4 i=4

Thus,

TwrFlexL
[C(q,t):”T (Row, Col) = J. u' (h) By aom (h) vl (h)dh +YawBrMass *vj,, - Fv, (Row, Col=1,2,.. .,10)
0
TwrFlexL

{—f(q,q,t)}‘T (Row)=— .[ w1 (7)) Evig, (h){i%[‘gvf (h)]qi}dh—YawBrMassEvgow [i%(‘gvlo)ql} (Row=1,2,...,10)

0 i=4 i=4

k! ;TFA

Qrra; — k’TFA Gy, for r=TFAI
o'’ —k') ’TSS Grss; — k' ’TSS 4rss, for r=TSS1
lstasier = oq (r =12 "22) So, E gier =1k ’TFA rra — k'TFA Qrpy, for r=TFA2
r —k', ’TSS Irssi — k', ’TSS 4rss, Jor r=1TSS2
0 otherwise
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| [
where k7™ and |k are the generalized stiffnesses of the tower in the fore-aft and side-to-side directions respectively when gravitational

destiffening effects are n207 included as follows:|

[ rea | TwrFlexL : 2 JTFA TFA
k';FA=\/FAStTunr(i)FAStTunr(j) J‘ EITFA(h)d¢,- ()d¢ ()

dh (i,j=1,2) (which is symmetric)

J i’ i’
where EI"™ (h) = AdjFASt - TwFAStif (h)
and
TwrFlexL 2 .TSS d 7SS
k';ss = \/SSStTunr(i)SSStTunr(j) I EI™ (h) d ¢cllh2( ) ¢dh ( )dh (i,j=1,2) | (which is symmetric)

0

where EI™ (h) = AdjSSSt- TwSSStif (h)

The coefﬁ01ent in front of the 1ntegra1 in these generahzed stlffnesses represents the 1nd1v1dua1 modal stlffness tumng, Wthh allows the user to vary

really makes sense when working with a generahzed stiffness of a single mode (ie., k’,’f kL, k’,’,” or|k’),” ) in Wthh case the coefficient for

mode 7| is simply | FASiTunr (i) or SSSiTi unr(i). However; since the cross-correlation elements of the generahzea stiffness matrix will, in general,
not Vamsh, the coefficient in the form above perm1ts the tuning to apply to these terms in a consistent fashlon.‘

Similarly, when using the Rayleigh damping technique where the damping is assumed proportional to the stiffness, then

;TFA k ;TFA é/TFA k yTFA
=2 A V) 9y M _
(TFA qTFAI yTFA qTFA2 fOl” V= TFAI
1 T 2
é'TSSk 1TSS é/TSSk 1TSS
=2 A V) 2 . _
/TSS —ass Drssi T -—yTSS drss, for r=TSS1
1 T 2
— é«TFA k ;TFA é/TFA k yTFA
"\ DampT 51 o . Sy Ky . _
(TFA qTFAI ITFA (]TfAz fOl’ r = TFA2
1 T 2
TSSk !TSS TSSk /TSS
4/1 3 42 . _
/TSS s drssi T yTSS (e, Jor r=TSS2
7Z'f Tt
0 otherwise
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where ™ and | ,.TSS‘ represent the structural damping ratio of the tower for the

‘th

~

i" mode in the fore-aft and side-to-side directions,

TwrFADmp i)/ 100, and |TwrSSDmp (i) / 100 respectively. Also,| /""" and| /"™

represent the natural frequency of the tower for the

‘th

~

mode in

the fore-aft and side-to-side directions respectively without tower-top mass or gravitational destiffening effects. That is,|

TFA T
frTFA _ 1 k'ii and frTSS _ ] k’iiSS
i 1TFA i 1TSS

27\ m? 2z \m

ii

ii
1TFA
i

1TSS

i

where |m and|m

represent the generalized mass of the tower for the|i"| mode in the fore-aft and side-to-side directions respectively without

tower-top mass effects as follows:]
TwrFlexL

i = [ ) (g (W) (7= 1.2)
and]
S = [ (W) () (W) (i,=1.2)

0
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Thus,
Feta)] =0 and fetg ol =0
L~ \91) ] ElasticT LG DN
................................................................. TFA ], 1TFA TFA g, 1TFA
A i _41 LT _gz k',
11 9rrai 12 9rraz A A T T Arraz
......... L f !
—k 11 Y9rssi -k 12 Yrss2 é/TSSk;TSS IS8 1788
......... S o L N T
K e kY e s A T g drss:
V7SS V7SS
K Grssi k' drssa ST TP TR TR
- ra 9rrar — ra d1Fa2
(~f(dq.0)} D 7f zfh
» 27 Elastier é/TSS [ 1755 CTSS 175
................................................................. {—f((j,q,t)} _J)_51 21 ress — 2 M2 s
DampT ’ITSS ﬂ-f 'ZTSS




IwrFlexL

5 — j Ev,T (h)-[—,uT(h)gzz]dh+Ev:) -(—YawBrMass-gzz) (r:3,4 ..... 10)
0
Thus,
I:C(q,t):l GravT :0
TwrFlexL
(-1 (d/9.1)} o (Row) =— u' (h) g vy, (h)-z2,dh—YawBrMass-g“v3,, -z, (Row
0
F| = [Evf (h)-F},.. (h)+“ef (h)-MY, , (h)] dh (r=12,...,10)

=3,4,...,10
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0
where \[FT_(h) and M",

“eror (1) are aerodynamic

Thus, |
=0

I:C(q’t):l AeroT

forces and moments applied to point on the tower respectively expressed per unit height.

(Row) =

-1 (¢.9.1)}

AeroT

IWrFlexL

Row AeroT

I:EvT (h)FT

0

(h)+ Eafy () M ()] (Row=1.

.....
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Yaw:

The yaw spring and yaw damper bring about yaw momentsl

3 —YawSpr(qYaw — YawNeut) for r=Yaw and _ |~YawDamp-qy,, for r=Yaw
7| SpringYaw 0 otherwise 7| DampYaw "~ 0 otherwise
Thus,
[C(q’ t)]SpringYaw = 0 and [C(q’ t)]DampYaw = 0
) —YawSpr (q = YawNeut) . _YaWDamquaw
{—f(q,q,t)} e _ Y. {—f(q, q,t)} — R ot 144
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Nacelle:
The rigid lump mass of the nacelle brings about generalized inertia forces and generalized active forces associated with nacelle weight.

FT*‘;=EVFU ( —-m" Eaq U)+ a) (—EHN) (r:],Z ..... 22) where m" = NacMass

rN=Evf]-( -m" Fa U)+ ol (—TN-EaN E™ < TV EwN) (r=1,2...,22)
where T :[NacYIner—m (NacCMxn + NacCMyn’ )]d d,
Or,

. 11 d - 11 |11 d =
H \NzEv,U- {(zEv”qu {Zdt(E ,.U)ql} +E@) . —IN-{(Z%MJ{ZE(‘E@V)% }—EwalN-EwN (r=12...,11)
i=4 i=4 i=7 1

Thus
I:C(q,t):”N(Row,Col) m" Eyl Byl + Fad - . fwl, (Row,Col=1,2,...,11)

{—f(q,q,t)}lN(Row)— m" Fyy - ijt(E U)ql —Ew;"aw-{7”._ZI%(Ea)jv)qi_+Ea)NXTN.EwN} ’(R0w=1,2 ..... II)‘

i=4

Floon = Eypl -(—mNgzz) (r=34...11)
Thus,|

[C )]GravN = 0

{

(.2
~/(d.9.)}

(Row) =-m"g®v, 2, (Row =3.4,..., 11)}

GravN
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Rotor-Furl:

’The rotor-furl springs (linear and stops) and rotor-furl dampers (Coulomb, linear, and stops) bring about rotor-furl moments.

—RFrISpr- 4,
—IF | qus,, > RFrIUSSP, RFrIUSSpr (., — RFrIUSSP),0]  for r=RFrl

e | 44y < RFFIDSSP, RFrIDSSpr (g, — RFrIDSSP), 0 |
0 otherwise
and
~RFrIDMp -4y~ IF | Gy <> 0, RErICDmp - SIGN (i, ),0 |
I _ —IF [qRFr, > RFrlUSDP, RFrlUSDmp - q'RFrl,O] for r=RFrl
e — IF [y < RFFIDSDP, RFrIDSDmp - dy,,0]

0 otherwise




13
Thus,
[C(q,t):l
._RFrlSpr'qRFrl
=/ (d.q.1)} spnger | —IF | qgy > RFrIUSSP, REFIUSSpr (., — RFFIUSSP), 0]

— IF [ qyp,y < RFIDSSP, RFrIDSSpr (g, — RFrIDSSP),0 |

Jason M. Jonkman
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C(q.1)]

= g ’:ampRFl

{-f(d.q.0)}

DampRF

—RFrIDMp sy — IF | Gy <> 0, RErICDmp - SIGN (1, )0 |
—IF [qysy > REFIUSDP, RFrIUSDmp - 4 ,,.,0]
—IF [ gy, < RFrIDSDP, RFrIDSDmp - §,,,,0]

Jason M. Jonkman
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o

The rigid lump mass of the structure that furls with the rotor (not including the rotor) brings about generalized inertia forces and generalized active
forces assocrated with the structure’s weight:

* __ E_.D
E‘ R
Thus,
~*|  __ E.D
="
where

(RFrlCMxn - RFrle‘xn)2 [1 —cos’ (RFrlSkew) cos’ (RFrlTilt)]
+(RFrICMzn — RFriPntzn)’ cos® (RFrITilt)

T® —| REMIner — RFriMass + (RFrlCMyn - RFrantyn)2 [1 —sin’ (RFrlSkew) cos’ (RFrlTilt)]

us

-2

—m" EaD)+Eer-(—EHR) (r:I,Z ..... 22) where m”® = RFriMass
RE D\, E R| TR E R E _R_TR E_R\ (. _ 14 1)
\mm e+ o, -\—1 Tt ="w" <1 w} (r=1,2,...,22)
I :[RFrlIner—mR‘rVD—rVD-rfaifa‘z}ifarfa or

(RFrlCMxn - RFrantxn) (RFrlCMzn — RFrantzn) cos (RFrlSkew) cos (RFrlTilt) sin (RFrlTilt)
+ (RF rICMxn — RF rantxn) (RF rICMyn — RF: rantyn) cos (RF rlSkew) sin (RF rlSkew) cos’ (RF riT ilt)
+(RFrICMzn— RFrIPntzn)( RFrICMyn — RFrlPntyn) sin( RFriSkew)cos (RFrITilt ) sin( RFrITilt)

i=7

}}—Ew"x?‘ : Ew"J (r=12...12)

T
Ef(q,t)]‘R (Row, Col) =m" Fyp - Eve, + Fon,, T* o, (Row, Col=12,..., 12)

d f(g,q,t)}\R(ROW):_mREv;;W.[ii(%g)q-i}_%gm.{fk_{i d (Ew;e)q,}} (Row=1,2,...12]
i=4

i dt

rfarfa
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o = 00 (-m"gz,) (r=34...12)
Thus,
I:C(q’t):l GravR - 0
(~f(d.q.0)}  (Row)=-m"g"vh, -z, (Row=34,..12)
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Teeter:

The teeter springs (soft and hard stop) and teeter dampers (Coulomb and soft stop) bring about teeter moments.

~IF | |gy,,| > TeetSStP, TeetSSSp - SIGN (1, ) (|4 ree| — TeetSStP), 0]
for r="Teet

E|ymsrer =) = IF[|gra| > TeetHStP, TeetHSSp - SIGN (1,,,)((4r.. | ~ TeetHStP), 0

0 otherwise
and

~IF [ 4y,,, <> 0,TeetCDmp - SIGN (4, ),0 |

for r="Teet
| DampTeet = - ]F[ qTeet > TeetDmpP’ TeetDmp ’ qTeet ’0]

0 otherwise

Jason M. Jonkman
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Thus,

[C(q’ t)] SpringTeet ~ 0

SpringTeet

{(~f(d.9.1)}

qTeet qTeet

—IF|

> TeetSStP, TeetSSSp - SIGN (qy,,, )

—TeetSStP),0 |

qTeel qT eet

— IF | |qy,. | > TeetHStP, TeetHSSp - SIGN (gr,,,)(|¢1..| - TeetHStP) 0]
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land|
[C(q’t)]DampTeet =0

DampTeet

{~f(4.q.1))

~IF | 4y, <> 0,TeetCDmp - SIGN (4, ).0 ]
—IF|

> TeetDmpP,TeetDmp - q,,,,, 0:|

qTeet
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Hub:

The rigid lump mass of the hub brings about generalized inertia forces and generalized active forces associated with hub weight,

F’ :Evc'( —-m" Ea C)+ w (—EHH) (r:],Z,...,ZZ) where m™ = HubMass

F* =Evco(—mHE C)+Ew ( 7H-EaH—EwH><7H-EwH) (I":],Z,...,22)

r H r
= HublIner —m" (UndSling — HubCM )2 Hublner —m" (UndSling — HubCM )2 -
h N =
D I: cos’ (Delta3) Bl ¥ cos’ (Delta3) 828

since it is assumed that the hub is essentially a uniform rod directed along the g3‘ axis and passing through the hub center of mass location (point C).
[

'_Hublner —m" (UndSling - HubCM) } <0 ‘

Note that if:
i

Or,

*

F _E_C H | & E_C:: E_C - & d E_C\ - d E_C .
"y - vr | —m Z vi qi + vTeetheet + ZZ( vi )ql +E< vTeet)qTeet
Li=1 i=4 ’(
E_H TH S E_H:: E_H . & d E_H d H \ - E_H_ TH E, H
+ wr ’ _1 : (; wi qi + wTeetheet + ; dt( wl )qz +E( wTeet)qTeet - o XI W
Thus,

[C(q,t:)]‘H (Row,Col)=m" Eye Eve +Fon 1" Fol, (Row, Col=12,..., 14;22)

% q.q.t) }‘ (Row)=-m" "y, -{i%(Ev,-c)q',-}‘%(E"feet)q'rea}

i=4

w[z{{z oot )a e d (e w)q}wzaﬂJ

i=7

r=1.2,...,14; Teet)

(Row=1,2,...,14,22)
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”

=y -(—mngz) (r:3,4 ..... I4;Teet)

GravH

Thus,

[C(q’t)]GravH =0
{_f(q,q,t)}‘G . (Row) =-m"g®v;, -z, (R0w= 3.4,..., 14;22)
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Blade 1:

The distributed properties of blade 1 bring about generalized inertia forces and generalized active forces associated with blade elasticity, blade
damping, bltade weight; and blade aerodymamics:

BldFlexL

=— j w(r) v (r)-Fa® (r)dr —m®"™" £y (BldFlexL)- “a® (BldFlexL) (r=1,2,...,22)

r

s

3

0

where 1’ (r) = AdjBIMs"" - BMassDen" (r) and  m”"™ =TipMass (1 )

raY
Or;

=) A ; J{ijt(b‘ J(r ))q,} [i%(”f'('"))q}-}%('?v;;ﬂ( N)ine

i=4 i=16

dr

[ZE > (BldFlexL): ] (ZE > (BldFlexL)g j+Ev;’e, (BldFlexL)§y,,, | (r=12...,14,16,17,18;Teet)

= i=16

i=4 i=16

14 8
_ BT Ev;S‘I (BldFlexL)- _'{2%(5‘);91 (BldFlexL))qi}"‘[Z%(EviSI (BldFlexL))q'i}

d -
A (o (s,
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Thus,

BldFlexL

[C(a.t)], (Row,Col)= [ p"(r)"vih, (r)- “v&sy (r)dr+m®™ *vil (BidFlexL)- v, (BldFlexL) (Row,Col=1,2,...,14;16,17,18;22)

0
18

=f (q,q,t)}\B,(ROW)=—BldTXLﬂB’( )Ev;i,’,w(r)-{i%(%f’(r))q,}{zi(Evf'(r))q-,.}i(%;;,( ))qm,}dr

0 i=4 i=16 dt dt

14 18
{Z d (E s’(BldFlexL)) } {Zi(Evlsz (BldFlexL))qi:' (Row:],2 ..... ]4;16,]7,18,‘22)
mB]TtpE SI (BldFlexL) z4dt i=16 ¢

d .
L E( “vye, (BldFlexL))dy,,,

_k'BIF 9Bir1 — k’B]F Ggir, Jor r=BIFI
__on (r=12...22) So K0 ey Jor r=BIE
7| ElasticB1 oq, rEn ’ 7| ElasticB1 "~ k'BIIF Gpip— k’BIF 4z,r» for r=BIF2
| 10 otherwise
where k"""

and k’f’/E are the generalized stiffnesses of blade 1 in the local flap and local edge directions respectively when centrifugal-stiffening

eﬁects are noft 1ncluded as follows: {

J ] y { 2 ’ 2 4 ] 4 .]

BldFlexL d2dP'E (r) 2
pEs | EIB]E(r){T} dr EI (r) = AdjEAS(" - EdgSuf™ (r)
0

Similarly, when using the Rayleigh damping technique where the damping is assumed proportional to the stiffness, then
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é/BIFk IBIF ézBIFk;BIF '
;Z_fyBlF dpir1 — jZ' ,ZBIF dpir> fOV r=BIF]
é'BIEk;BIE .
i 9siEl for r=BIEI
F:' DampBI ﬂ’-f
IBIFk/BIF ZBIFk,ZIF .
ﬂ.f,BIF —8ir Y9siF1 W(]M” for r=BIF2
0 otherwise

" mode in the local flap and edge directions,| BIdFIDmp®' (i)/ 100

where £ and |

=

represent the structural damping ratio of blade 1 for the|i™
mode in the local flap and edge

~.

and | BIdEdDmp®' (i)/ 100| respectively. Also,| /'*'" and| f'*'¥ represent the natural frequency of blade 1 for the

directions respectively without centrifugal-stiffening effects. That is,
| E—— | I——
k 1BTF k IBTE

1BIF tBIE
fi 272_\/ !BIF and fi 272,\/ rBIE

where |m'?""| and m'fIE‘ represent the generalized mass of blade 1 for the i/ mode in the local flap and edge directions respectively without

11

ﬁcentrifugal-s iffening and tip mass effects as foHows:T

‘ BldFlexL '

mip = [ ()8 () (r)dr (i =1.2)
0

and

BldFlexL 5
t1BIE __ BIE
m';" = J- [ )] dr
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[Thus,
[C(g.2) =0l land | [C(g.1)] =0

lasticB1] = A DampB1

{=f(d.q.))

ElasticB1 - {_f (q’ g9, t)}

DampB1
BIF 7 BIF BIF j 1BIF
_é’l k' S 2
,BIF dpir1 — ,BIF UEN
I g I 7f' ] s
BIF1 BIF2 ;BIEkyBIE
yBIE )

k' dgigs — - ,81E_4BiE1
krBIFq kyBIFq zf

BIF1 BIF2

BIF j 1BIF BIF . (BIF
_ 2 2
BiF 4BiF1 Bir 4Bir:
zf' 7f
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BldFlexL
El|. ..=— j i (r) g Bvl (r)-z,dr—m®"" g *v3 (BldFlexL)-z, (r=34....,14,16,17,18, Teet)

r
0

Thus,
[C(q’ t)]GravBI =0

{~f(d.q.1))

BldFlexL

 (Row)== [ p"(r)g" VL, (r)-zydr—m" g Fvil (BldFlexL) -z, (Row=3,4,...,14;16,17,18,22)

0

BldFlexL

A j [Ev;” (r): Fomop; (r)+ “02) (r)- ML, (r)] dr+*v>! (BldFlexL)- Fp o5, (BldFlexL) (r=1,2,...,14,16,17,18;Teet)
0

where | Fy ,(r)

and M., ., () are aerodynamic forces and pitching moments applied to point S1 on blade 1 respectively expressed per unit span.

Note that| M (7 i'J can include effects of both direct aerodynamic pitching moments (1.e.,LCm,L) and aerodynamic pitching moments caused by an

aerodynamic offset (i.e., moments due to aerodynamic lift and drag forces acting at a distance away from the center of mass of the blade element
along the aerodynamic chord).
| ——

Thus,

[€(@:0)] 1y, =0

{~f(g.q.1))

BldFlexL

AeroB1 (ROW) - .[ I:Evz‘l’w (r).F/;SZmBI (7')+ Ewﬁlw (r)'sz‘:lef'oBl (7")] dl”
0

+ fvar (BldFlexL)- Fy . p, (BldFlexL)

TipDragBl1

(Row=1,2,...,14;16,17,18,22)
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Just like blade 1, the distributed properties of blade 2 bring about generalized inertia forces and generalized active forces associated with blade

elasticity, blade damping, blade weight, and blade aerodynamics. The equations for

[ ]

’those of blade I. ‘

F

f
®

I

B2

b

I3

ElasticB2° = T |DampBZ >

GravB2

,and|F| . are similar to
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Drivetrain:

The inertia of the drivetrain brings about generalized inertia forces and the load in the generator, high-speed shaft brake, gearbox (friction forces

resulting from nonzero GBoxLff ) and the ilexibility ot the low speed shait bring about generalized active forces. Note that all ot these equations

assume that the rotor is spinning about the positive ¢ axis (they assume that the rotor can’t be forced to rotate in the opposite direction). This model
works for any gearbox arrangement (including no gearbox, single stage, or multi-stage) as long as the generator rotates about the shaft axis (it may

not be skewed relative to the shaft, even though 1t may rotate in the opposite direction ot the low-speed shait due to the gearbox stages). 1t there 1S no

'gearbox, simply set (GBRafio = GBoxEff = GenDir = 1|( GB ﬂeverse = Falseﬂ

The mechanical torque within the generator is applied to the high speed shaft and equally and oppositely to the structure that furls with the rotor as

follows:

r

=("of -*of) Mg, (r=12..,22)

Gen

Thus,

E_G G —
_ { Wiy Mg, for r=Gedz
Gen

0 otherwise

where Mg, =—GenDir-T°" (GBRatio-4g,,. .t )c,

I3

Note that a positive| 7% represents a load (positive power extracted) whereas a negative ‘TG"’”l represents a motoring-up situation (negative power

4 4 1 . { s mi|
extiracted, or power mput). 1nus,

Ve

r

Gen - .
0 otherwise

B {(GenDir -GBRatio-c,)-| ~GenDir -T " (GBRatio-quAz,t)cl] for r=GeAz

Or since |GenDir’ =1 j
~ {—GBRatio .T%"(GBRatio-§g,,.,t) for r=Gedz
Gen

r

0 otherwise




Thus,

[C(g.0)], =0

-/ (d.9.1)

Gen

—GBRatio-T%" (GBRatio- g, 1)
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Similarly, the mechanical torque applied to the high-speed shaft from the high-speed shaft brake is applied equally and oppositely to the structure that

30

£ 4l 41 4 T
Tarers widl uIC 10101, T1IIUS,
ra

=—GenDir-T"" (t)c, and where 7% (¢)= HSSBrkT (1)

r

E_ G G _

_ wGeAz : MBrake fOV r= GeAZ Where MG

Brake . Brake
0 otherwise

Mhich is assumed to be positive in value always. Thus,
B {—GBRatio-T Brake (t) for r=GeAz

7| Brake —

0 otherwise
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Thus,
I:C(q’t)] Brake - 0
{_f(q’q’t)} Brake -

~GBRatio-T*" (1)
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If the translational inertia of the drivetrain is assumed to be incorporated into that of the structure that furls with the rotor, then the high-speed shaftl
generator inertia generalized force is as follows:

F*'G=bwf’-(—l_(’~ba°—bw°x;"-bw°) (r=],2,...,22) where I1¢ = Genlnerc,c,

r

or,

13 13

G:wa.{_70{[ZW@){Z%(W)@}} ECxIC- Ewc} (r=12...,22)
i=4 i=7

| =
However, since|c, di( Fwf, AZ) xc,- ( o x c,) " (¢, xe,)=0] (the first |¢,| coming from | I 9), this simplifies as follows:
at

— 13 12
E*G:wa.{_l‘;-{ > Fofi |+ Zdi(wa)q[ } ST Ewa} (r=12...,22)
i=4 | i=7 at N
Or,
E_R 776G ]3EG~~ _]ZdER~_ 76 E,_G
S ONEY At Z /g, |+ zdt( w; )qi xI”-"w ) for r =4,5,...,12
i=4 L i=7 _
12 d
—GenDir - Genlner - GBRatio [Z Ea)qu] { — } -c,—GenIner-GBRatioZ.quAz
F - i=7 dt for r =GeAz

—GenDir-GBRatioc,-( GxI%.F G

0 otherwise

However since ¢, - ( o’ xc ) Ew-(e,x¢,) =0 (the first|c, coming from|T ¢), this simplifies again as follows:

—wa-fc{(zEqulj [22(5 f)qi}}—Eer (E SxTC- EwG) for r=4,5,..,12

i=7
12 12 d

E i —GenDir - Genlner - GBRatio [z Folg. j + {ZE( Ew,.")qi} -¢, —Genlner - GBRatio’ - j,,, for r=GeAz
i=4 i=7

0 otherwise
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The terms associated with DOFs 4,5,...,12 represent the fact that the rate of change of angular momentum of the generator can be considered as an

additional torque on the structure that turls with the rotor (1.€., 1 addition to the torques on the structure transmitted directly from the low-speed

shaft)]

Thus,
[C(q,t):” _ Ew,?ow T°- Ewgo, for (Row,Col :4,5,...,]3)
g 10 otherwise
— 12 —
_Ewgow ‘{TG '[Z%(wa)qi}+ EpCxI¢. EwG} for (R0w= 4,5,...,12)
i=7
. = 12 d )

{_f(q’q’t)}‘(; =1—"ag,, I° [ZE(E“%R)‘L} for (R0w= 13)

0 otherwise

ov, . ]
| ElasticDrive = _# (}" = ]’ 2" ° ’22) Where VDrive = EDTTOFSPV : qérTr

So,

r

—DTTorSpr- — DrT DT TorDmg.d o
ElasticDrive :{ orpr quTr for g mr and likeWiSe F —{ ortmp quTr fOl" r rir

0 otherwise " 1DampDrive | () otherwise
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I-('/(q’ t)] ElasticDrive =0 and erWise [(/(q’ t)] DampDrive =0
{_f (q’ 2, t)} ElasticDrive - {_f (q, E t)} DampDrive -

—DTTorSpr-q,,,, —DTTorDmp-q,,,,




35

Jason M. Jonkman
FASTKinetics.doc
1/13/2025

Similar to the

generator and HSS brake, the mechanical friction torque applied to the high speed shaft is applied equally and oppositely to the

¢ 4 +1 4+ 1 VR B | ¢ la mi |
SIructurc uidtl 1uriS Wit tnc TO010T. 1 11US,

%:{0

e
E-G G —
Ogps. " Mopp. Jor r=Gedz

GBFric ( +2 -
where M, . =_T (Q:q’q,f)c’,
GBRatio - GenDir

otherwise

where, frofn a free-body diagram of the high and low-speed shafts, it is easily seen that the friction torque applied on the LSS upon the gearbox

entrance, 77"

ric

(4.4.q.t)), is always positive in value and equal to:

G ( o Genlner - GBRatio’ - §,,,. + GenDir - Genlner - GBRatio*a* -¢, | | )i ;
9.9.9.t)= . _
+ GBRatio-T%" (GBRatio-§,,..t)+ GBRatio- T (t) GBoxEff '+ ™)
Thus,
B Y (qqqt) for r= GeAZ}
OB 10 otherwise
or,|
Genlner - GBRatio’ - §,,. + GenDir - Genlner - GBRatio*a" -¢, | [
N G Brak ’ SIGN(LSShfiTq) | 1
B ore = + GBRatio-T°" (GBRatio-§,,.,t)+ GBRatio-T"" (t) | GBoxEfr ta)
0
or,
12 12 d
Genlner - GBRatio’ - §,,. + GenDir - Genlner - GBRatio z Folfg, |+ Z—( Fof )q'l. c, i
- i=4 i dt 0 SN - for r=GeAz
_ (LSShfiTq)
rlGBFric — . G . . rBrak GBoxEff
+GBRatio-T°" (GBRatio-qy,,.,t)+ GBRatio-T"" (1)
0 otherwise
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Thus,
E G 76 E_G 1
[OFSRY R wCo,|: -1| for (Row:]3,Col:4,5,...,]3)
[C (q ,t )]‘GBFM = GBoxEff SIGN(LSSHfiTy)
0 otherwise

{_f(q’ q’t)}‘GBFric

= [&d I
E_ G G E_R) - . Gen . . . Brake
_{ A [;E( o] )ql} +GBRatio-T" (GBRatio-{g,,.,t)+ GBRatio-T (t)} : { GBoxE -1
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[Tt is noted that the gearbox friction generalized active force effects both the mass matrix and the forcing function. Its effect on the mass matrix can|

'be thought of as an apparent mass in the system (i.c., an active friction force which is a function of the generator acceleration). The gearbox friction|

causes the mass matrix to become unsymmetric. Note that the equation for DOF GeAz 1S an implicit equation (since the gearbox iriction 1S a]

function of DOF GeAz), which has no closed-form solution. To avoid the complications resulting from this implicit characterization, the value of the

LSShftTq trom the previous time step is used in the SIGN() function in place of the value of the LSSAfiTqg in the current time step. This may be
|

done since it may be assumed that LSShfiTq will not change much between time steps if the time step is considered small enough. Note that gearbox‘

friction is the only term in the equations of motion that cause the mass matrix to be unsymmetrical. The mass matrix will only be unsymmetric if ‘
GBoxEff 1s not} 100%—i1t GBoxEff ileOO%\, then the mass matrix 1s completely symmetric.
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Tail-Furl:

The tail-furl springs (linear and stops) and tail-furl dampers (Coulomb, linear, and stops) bring about tail-furl moments.

—TFriSpr-qpy,
—IF| ¢y, > TFrIUSSP, TFrIUSSpr (qyy,, —~ TFrIUSSP),0]  for r=TFrl

| springrr =
SpringTF — IF [ 4y, < TFIDSSP, TFrIDSSpr (s, — TFrIDSSP).0 |

0 otherwise

and
~TFrIDmp -4y = IF [ 41, <> 0,TFrICDmp - SIGN (i, )0 ]

-IF [qu > TFriUSDP,TFriUSDmp - q,,,,, 0] for r=TFrl
—IF [y, < TFrIDSDP,TFrIDSDmp - G0

0 otherwise

"\ DampTF o




[C(q,t) |

pringTF)|

{~f(4.q.))

SpringTF

—TFrISpr-quy,
— IF [ gy, > TFrlUSSP, TFrlUSSpr (qyy,, — TFrlUSSP),0 |

— IF[ 4y, < TF¥IDSSP, TFrIDSSpr (45, — TFrIDSSP),0 |

Jason M. Jonkman
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and

[C(q,t)] IM@

{~f(4.q.1))

DampTF .

~TFrIDmp-§yp,, —IF [ 41y <> 0,TFriCDmp - SIGN (g,,).0 ]
—IF [qyy,, > TFrlUSDP, TFrlUSDmp - §y,,,0]
-IF [qTFrl <TFrIDSDP,TFrIDSDmp - q,,,,, 0]

Jason M. Jonkman
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Tail:
The rigid lump masses of the tail boom and tail fin bring about generalized inertia forces and generalized active forces associated with the structure

jweight. Additionally, the tail fin brings about generalized active forces associated with tail fin aerodynamicsj

N =" -(—mB Ea')+— Fo! -(—EHA)+ Ey? -(—mF Ea’) (r=12...,22) where m® = BoomMass and  m" =TFinMass
’LThus,\
E'| =5 (-m"Fa" )+ F o -(—TA Fat —FotxI". Ew”‘)+ Ey!(-m" Fa’) (r=1.2..,22)
where = [TFrllner —m” ‘rWl - tfa tfa‘z}lfa tfa or
(BoomCMxn - TFrantxn)2 [1 —cos” (TFrlSkew) cos’ (TFrlTilt)]
+ (BoomCMzn - TFrantzn)Z cos’ (TFrlTilt)
T4 _| TFriiner — BoomMass + (BoomCMyn —TFranlyn)2 [] —sin’ (TFrlSkew) cos’ (TFrlTilt)] tfa tfa
(BoomCMxn — TFrantxn) (BoomCMzn — TFrantzn) cos (TFrlSkew) cos (TFrlTilt)sin (TFrlTilt)
-2 + (BoomCMxn - TFrantxn)(BoomCMyn - TFranlyn)cos (TFrlSkew) sin (TFrlSkew) cos’ (TFrlTilt)
+ (BoomCMzn - TFrantzn) (BoomCMyn — TFranlyn) sin (TFrlSkew) cos (TFrlTilt) sin (TFrlTilt)
Or,
3 1 B HEI-- E_I .- ”dEI- dEI .
EE‘@r | b Z Vidi | ¥ Vien9rea + ZE( Vi )ql‘ +E( vTFrl)QTFrl
i=1 i=4

i=4

i=1

11
7 '(_mF {(Z EviJ‘jij"' Ev;Frl.q.TFrl +|:

1
d
2

2l

i=7

=0 [(&s .. o [&ds ] d | =
v Ewr '(_IA {(Z waqij"‘ Ew;‘FrquFrl +|:ZE(E“);'A )Qi:|+E(Ew;‘FrI)qTFrI}_ o' xI

Evij)q'z} +%( Vimm )q.TFrl}J

) ‘] (r=12...,11;TFrl)



42 Jason M. Jonkman
FASTKinetics.doc

1/13/2025
Thus, .
[C(q,t)]‘A (Row, Col) =m® vl Evl o+ fen T'-Fol,+m" Fvi - Evl (R(#w, Col=12,..., ]1;15)‘

vRow

{—f(q,q,t)}‘A (ROW) =-m" Evlleow {{Z%( EviI )q,} +%( EVTI‘FrI )QTM}

i=4

_E_ A4 | T4, ”i E_A) - i E_ A4 . E
Oy | 1 Z dt( ; )% + dt( wTFrl)QTFrl T o
i=7

d .|, d .
_mF Eviﬂw .J’VZT(EVIJ)qt—I +:( Ev;Frl)qTFrll
U_ = T 7 J an® 7 J

S

xI*- Ew“‘J (r=12...,11;15)

El,. =5 -(-m"gz,)+ 5! (-m"gz,) (r=34....11;TFrl)

[C(q’t)] GravA - 0

{—f(q,q,t)}

F __E_J

. A(Row):—mBgEvfeaw-zz—m g Viow %2 (Row:3,4 ..... 11;15)

F;AeraA:Ev:('FAIZmA—'_wa'M;‘emA (l":],2 ----- ]],TFI"I)
-C(q,t): HeroA @]

(~f(q.q.1)}|  (Row)="vg,, -Fi,.+ " wp, M, (Row=12,..1115)

AeroA
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Combining the results from the previous sections it is seen that the various portions of the equations of motion are related to the various forces as

follows (NOTE: |B = BI +52E

[ X + HydroX +T | X + HydroX +T | X + HydroX +T | X + HydroX +T | X + HydroX +T | X + HydroX +T T+N+R !T+N+R | T+N+R !T+N+R N+R+H  R+H+B H+B H+B BIl! Bl Bl B2 B2!B2! H+B]|
+N+R+H +N+R+H +N+R+H +N+R+H +N+R+H +N+R+H +H+B +H+B +H+B +H+B +B+A
+B+4 +B+4 +B+4 +B+4 +B+4 +B+4 +A4 +A4 +A +A4
X+ HydroX +T . X + HydroX +T = X + HydroX +T | X + HydroX +T X +HydroX+T T\ N+*R T+N+R T+N+R T+N+R N+R+H R+H+B H+B H+B Bl Bl : Bl B2:B2 B2 H+B
+N+R+H +N+R+H +N+R+H +N+R+H +N+R+H +H+B +H+B +H+B +H+B +B+A
+B+4 +B+4 +B+4 +B+4 +B+4 +A4 +A4 +A +A
X+ HydroX +T « X +HydroX +T X+ HydroX +T X +HydroX+T T{N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B H+B Bl Bl Bl B2 B2 B2 H+B
+N+R+H +N+R+H +N+R+H +N+R+H +H+B +H+B +H+B +H+B +B+A
+B+ A4 +B+4 +B+A4 +B+4 +4 +4 +4 +4
X+ HydroX +T = X +HydroX +T X +HydroX+T T+ N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G H+B Bl Bl Bl B2 B2 B2 H+B
+N+R+H +N+R+H +N+R+H +H+B +H+B. +H+B +H+B. +B+G |  +G
+B+G+A4 +B+G+4 +B+G+A4 +G+A4 +G+ 4 +G+A4 +G+A + A
X+ HydroX +T . X +HydroX+T T+ N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G  H+B Bl Bl Bl B2 B2 B2 H+B
+N+R+H +N+R+H +H+B. +H+B +H+B. +H+B, +B+G +G
+B+G+4 +B+G+4 +G+4 . +G+4. +G+4 +G+4. +4
X+HydroX+T T+N+R T+N+R T+N+R T+N+R N+R+H R+H+B H+B+G  H+B Bl Bl Bl B2 B2 B2 H+B
+N+R+H +H+B +H+B +H+B +H+B +B+G +G
+B+G+4 +G+A4 | +G+A | +G+A  +G+A | +4
T+N+R T+N+R T+N+R T+N+R  N+R+H R+H+B H+B+G  H+B Bl Bl Bl B2{B2:B2 H+B
+H+B +H+B +H+B +H+B +B+G +G
+G+4 +G+4 +G+4 +G+4 +4
) T+N+R iT+N+R T+N+R  N+R+H  R+H+B H+B+G H+B Bl Bl Bl B2;B2:B2  H+B
[C(q,t)]: +H+B +H+B +H+B +B+G +G
+G+4 +G+4 +G+4 +4
T+N+R i T+N+R  N+R+H  R+H+B H+B+G H+B Bl Bl Bl B2:B2:B2 H+B
+H+B +H+B +B+G +G
+G+4 +G+4 +4
T+N+R  N+R+H  R+H+B H+B+G H+B Bl Bl Bl B2:B2:B2 H+B
+H+B +B+G +G
+G+A4 +4
N+R+H  R+H+B H+B+G H+B Bl Bl Bl B2 B2 B2 H+B
+B+G +G
+4
R+H+B H+B+G H+B Bl Bl Bl B2 B2 B2 H+B
+G
H+B+G H+B Bl Bl Bl B2 B2 B2:H+B
+GBFric +GBFric +GBFric +GBFric | +GBFric | +GBFric | +GBFric | +GBFric | +GBFric +GBFric
H+B Bl Bl Bl B2 B2.B2: H+B
Bl Bl : Bl Bl
Bl Bl BI
Bl Bl
B2 :B2: B2 B2
B2 B2 B2
B2 B2
SYM (except for GBFric) H+B
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X + HydroX +T + AeroT + N + R+ H + B+ AeroB + A+ AeroA

X + HydroX +T + AeroT + N+ R+ H + B+ AeroB + A+ AeroA

X + GravX + HydroX +T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + A+ GravA+ AeroA

X + GravX + HydroX +T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA
X + GravX + HydroX +T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA
X + GravX + HydroX + T + GravT + AeroT + N + GravN + R + GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA
T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

T + ElasticT + DampT + GravT + AeroT + N + GravN + R+ GravR + H + GravH + B + GravB + AeroB + G + A+ GravA + AeroA

) SpringYaw+ DampYaw+ N + GravN + R+ GravR + H + GravH + B+ GravB + AeroB + G + A+ GravA + AeroA
{_f (q, 9 Z)} - SpringRF + DampRF + R+ GravR + H + GravH + B + GravB + AeroB + G
H +GravH + B + GravB + AeroB + Gen + Brake + G + GBFric

H +GravH + B + GravB + AeroB + ElasticDrive + DampDrive

SpringTF + DampTF + A+ GravA + AeroA

Bl+ ElasticBl+ DampB1+ GravB1+ AeroBl

Bl + ElasticB1+ DampB1+ GravB1+ AeroBl

Bl + ElasticB1+ DampB1+ GravBl+ AeroBl

B2+ ElasticB2 + DampB2 + GravB2 + AeroB2

B2+ ElasticB2 + DampB2 + GravB2 + AeroB2

B2+ ElasticB2 + DampB2 + GravB2 + AeroB2

SpringTeet + DampTeet + H + GravH + B + GravB + AeroB




