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There are several points on a 2-bladed turbine: Z (platform reference), Y (platform mass center), T (tower node), O (tower-top / base-plate / yaw

bearing mass center), U (nacelle mass center), V (arbitrary point on rotor-turl axis), W (arbifrary point on tail-turl axis), D (center of mass of |

structure that furls with the rotor [not including rotor|), IMU (nacelle 1nertial measurement unit), P (teeter pin), SG [shait strain gage [ocation: 1.€., ai

point on the shaft a distance ShftGagl towards the nacelle from point P (or point Q for a 3-blader since point P does not exist)], Q (apex of coningi

angle), C (hub mass center), S1 (blade node for blade 1), S2 (blade node for blade 2), I (tail boom mass center), J (tail fin mass center), and K (tail fin

center-of-pressure). There are also several reference frames: E (earth / inertial), X (platform / tower base), F (tower element body), B (tower-top /

base plate), N (nacelle), R (structure that furls with the rotor—generator housing, etc...), L (low speed shaft on rotor end of LSS-compliance), H (hub

/ rotor), M1 (blade T element body), M2 (blade 2 element body), G (fixed in the high speed shatt / generator), and A (tail). The following are

derivations of the position vectors, angular velocities, linear velocities, partial angular velocities, partial linear velocities, angular accelerations, and

linear accelerations of all these points on the 2-bladed turbine (point SG’s velocities and accelerations are not derived since they wont be used in the

]

ensuing analysis). 1he velocities and accelerations ot points on a 3-bladed turbine are very 51m11ar.‘

(relative to the ground)
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r? =(PtfmRe [ — PtfmCM )a,

r (h) = [¢1TFA (h)qTFAI +¢," (h)qTFAZ:IaI

1 S1T1FA (h)q;FAI + SszFA (h)q;FAZ + ZSJT2FA (h)qTFAIqTFAZ
+ h+Ptmeef—Terraft+TerBHt—E 1SS (73,2 S (12 25TSS (1 a,
+3S); ( )qTSS1+S22 ( )QTS52+ S ( )qTSSIqTSSZ

+[ > (h)qTSS] +¢, (h)‘JTsszj%

where, )
st (h) =] d"’fZ{h ) d¢f;§h /)}dh' (i,j=12) (which is symmetric)
and :
s (h)=|! dquz;(,h ) dﬁ:;(,h ')}dh' (i,j=12) (which is symmetric)

Note limits on /: 0 < h <TowerHt + TwrDraft — TwrRBHt = TwrFlexL
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re % [qTFAI + qTFAZ]al‘

)i S,TJFA (TwrFlexL)qﬁFA] +S2Tf” (TwrFlexL)q;FAZ +2S1T2FA (TwrFlexL)qTFA,qTFA2

# LPtfm Re f +TowerHt J—— rss 5 rss 5 rss @,
2 +S8;; (TwrFlexL) Grss; TS5 (TwrFlexL) Grss, T 2857, (TwrFlexL) Grss 1 9rss >

+ [qTSSI + Qs ]as

r'm’ = NacCMxnd, + NacCMznd, — NacCMynd }

r® = RFriPntxnd, + RFriPntznd , — RErIPntynd,

PP = (RFrlCMxn — RFrantxn) rf, + (RFrlCMzn — RFrantzn) rf, — (RFrlCMyn - RFrantyn) rf;

r"™Y =( NcIMUxn — RFriPntxn)rf, +( NcIMUzn — RFriPnizn) rf, —( NcIMUyn — RFriPntyn ) rf;

" = —RFriPntxnrf, + (Twr2Shft - RFrantzn) rf,— (YawZShft — RFranlyn) rf; + OverHangc,

/59— ShfiGagle

F = —Una’SlinggL

r% = HubCMg|,

ro (”)ZI:¢JB[(”)‘731F1 +¢2Bl(”)qBJF2 +¢3BI (r)qBIEJ ]szI +|:l//131 (r)qBIFI +Wf[(r)quF2 +W3Bl(r)qf};wz]jzm

1 .
+{r+ HubRad _E[SIBI] (r)qlz?IFI +8% (’”)q;mz + S35 (r)%ZHEJ +285 (r)qB]FIqBIFZ +285; (r) iy A (r)qBIFIqBIEI:'} iy




Bl ’ Bl r Bl ’ Bl '
S;’(r)zjr{dﬁ (r )d¢j (r )+ y (r )dl//j (r )}dr’ (i,j =],2,3) (which is symmetric)

0

dar’ dar’' dr’ dar’'

and the twisted shape functions are defined as follows:

ro[r d2¢BIF ! , ., ' r[r d2¢BIF

IBI(r):‘([{‘([T()COS[QgI(F ):Idr }dr , Wfl(r)=—£{£ Idr”

r’d2 BIF " r[r d2 BIF

7 (r)- {J—Z,,ﬁr )cos[ef%r")]dr'}drz v ()= {I ‘e
0 0 L0

dl" "2

The equation for|r?*’ (r) is similar.

Note limit on r:| |0 <r <TipRad — HubRad = BldFlexL|

| r® =TFriPntxnd, + TFrlPntznd,, — TFrlPntynd, |

= (BoomCMxn —TF, rantxn) tf, + (BoomCMzn —TF, rantzn) tf, - (BoomCMyn .

Al (rifarar s o 0)= T o o
0 L0

-TFriPntyn)tf,

M = (TFinCMxn —TFrantxn)th + (TFinCMzn —TFrantzn)th —(TFinCMyn — T}

‘rlPntyn ) tf,

= (TFinCPxn — TFrantxn)tf] + (TFinCPzn — TFrantzn)tfz — (TFinCPyn —TFH

[Pntyn)tf;
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lAngular Velocities:|
E X . . .
‘ O =qp% t4y%, _qus‘

d¢TSS TS _ﬂl \ d¢TFAI: h '
‘" (h) ="o*+ Grss B -- TSS . Grras[H 2:) rraz |93

d¢TSS ' d¢TSS]_h_)|. i d¢TFz1 ( h) : d¢TFA h
fof = ol + ) Arss; H Grsso| (@]~ Grrar T ( ) [a]
L h=TwrFlexL h=TwrFlexL L h=TwrFlexL h=TwrFlexL

E _ B .
0 =" +q,.4d,

o = o +§,,. rfa
where,| rfa = cos(RFrlSkew)cos(RFrlTilt)d, +sin(RFrlTilt)d2 —sin (RFI lSkew) cos(RFrlTilt)d3

_E_R, - "
O = "0 t455C 4964,

_E_ L, -
O = o +qTeetf2

Ay (r) dy;' (r) dy? (r — [dg? (r) . de?' (r de? (r
fo™ (r):EwH_ ( 1951711t j@( I731F2+;T()r73151 i ]/]V( )qBIF1+ 2/]V( )7BJF2+ Iii_r? )l—lBIEI fﬂﬂ

' The equation for |* ;uMz (r) is similar]

Since the generator is attached to the high speed shaft which may or may not rotate in the opposite direction of the low speed shaft and since g,

represents the position of the low speed shaft near the entrance of the gearbox,i
“0" = "" + GenDir -GBRatio-q,,,.c,

where,|

GenDir = {

—1 for GB Reverse =True
1 for GBReverse= False




E A _E_N , -
0" =" +qtfa

where, tfa = cos (TFrlSkew)cos(TFrlTilt)d, +sin(TFrlTilt)d2 —sin(TFrlSkew)cos(TFrlTilt)d3
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|Linear Velocities:]
E.Z _ - . .
‘ V' =452 T 9% — 95,33 ‘

|EVY=EVZ+EwXXrZY|

Ey7 (h) = B0 + %7 (W) + "ao” xr” (k)

where,

VT (1) =[ 47 () g + 657 (1) s ],

_S1T1FA (h)qTFAIq.TFAI + SZT;A (h)‘JTFAquFAz + SITzFA (h)(‘.}TFAI‘ITFAz + qTFAIqTFA2) a
2

+ S1T1SS (h)qTSSIq.TSSI + SZTES (h)QTSSZq.TSSZ + S1T2SS (h)(qTSSIqTSS2 + Grss19rss2 )_

it : > (h)qTSSI +¢," (h)q'TSSZ]a_?

‘EvozEvZ_i_XvO_i_EwarZO‘

where,

T = [q'TFAI + G4 ]al

SJTJFA (TwrFlexL)QTFAIC}TFAI + SzT;A (TwrFlexL)qTFA2qTFA2 + SITZFA (TwrFleXL)(qTFAIqTFAZ + qTFAIqTFA2) a
2

+ SITJSS (TwrFlexL)qTSSIqTSSI + Sszss (TwrFleXL)QTssqussz + S1T2SS (TwrFleXL)(C}TSSJQTssz + s drss> )_

+ [QTSSJ + s ]a3

E E E
vV =Epl 4 EN x Ol

EvV =EVO+E(DNXI"0V

EvD:EvV+EwarVD

The equation for | “v"™"| is similar.

E P _E E_R P
v=vV+w><rV
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EyQ_E P E H o, P0

EyC = EyQ 4 Byl sop €

‘EVSI (r)="v?+ "% (r)+ P xr?® (ri

where,
I

fyst (’”) = |:¢IBI (r)q'BIFI +¢2BI (r)q.B]F? +¢3BI (F)QBIEJ:ijI +|:‘//1BI (r)C]BIFI 'H//fl (r)q.BlF2 "H//fl (r)q'BlElesz]
_S1BII (r)qBIFIQBIF] +SZI (r)qBJquBze +S;§1 (r)qBIEIq.BIEI Bl

. . . i i i J
55 (r) (qBIFIqBIF2 T 4951r1951F2 ) S5 (r) (qBIFZqBIEI T 491r2981E1 ) s (r)(qBIFIqBIEI T 9p1r1981E1 )_ ’

The equation for |E v (r)‘ is similar.

E E E_ N
vW= V0+ (0] XI‘OW

EVI=EVW+EwAXrWI
EszEvW+EwarWJ

E K _E E_ A K
v:vW+a)><rW




Partial Angular Velocities]

22
Recall that:| " (4,q.t) = (z Lo (q’t)q'r)—'— ‘o (q.1)
r=1

Jason Jonkman
FASTKinematics.doc
1/13/2025

\ [
for each rigid body | N, in the system. Note that all of the |“."| terms are zero as will be

|

shown.
for
o = =3
g, |forn lr=
0) otherwise
o) =0
d¢lml(h) for r=TFAIl
dh
d TSS h
4 ( )“1 for r=TSSI
dh
Fof ()= o+ d6™ (h
r( ) ’ Z ( ) for r=TFA2
dh
d TSS h
7 ()a, for r=TSS2
dh
0 otherwise
Eoof (h)=0




=0

£ o | for r=RFrl
TS P ofierisd
"l

c, for r=GeAz

E L _E_R _
o, =" +ic, for r=DrTr

0 otherwise

9
d¢TFA( )
a, for r=TFAl
dh h=TwrFlexL
d¢TSS( )
a, for r=TSS1
dh h=TwrFlexL
EB — EgpX 4 d¢TFA()
a, for r=TFA2
dh h=TwrFlexL
d 78S
Z ( ) a, for r=TSS2
dh h=TwrFlexL
0 otherwise
EwB — 0
S
-
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E H E L+{f2 for r=Teet

W, = 0
r " |0  otherwise
EnH _
Bl Bl
W) i ) i
e dr
du®! doP!
EwMI (r):EwH+ - l//ill"(r)jIBI_'_ ¢3d}’(r).’fl fOl" PSEE
Bl Bl
_dwz (I") jIB1+d¢2 (7") szI for r=BIF?2
dr dr
0 otherwise
Ew,MI (}’) = 0

’The equations for‘ o™ (r)@ Ew™? (r)

E G E R+{GenDir-GBRati0c1 for r=GeAz

0 otherwise

S
|

Egpd _ EgyN 4 tfa for r=TFrl
0 otherwise
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Partial Linear Velocities:]

22
Recall that: “»¥ (§,q,1) = (z

3;

E 7 _ [for

S |=
Eifg

0
Eyr

“v, (h)="v]+

(
S(h
(

T (h

)
)
)
)

0
“v/(h)

I
S

r=1

Fo xr? (h)
877 (h)a, = ST (1) @y +S)5" (B) G |
a, =[S () rss) +S35° (M) ss |,
a, - I:STFA

TSS (h a3 I:STSS h qTSSQ STSS( )qTSSI:IaZ

(
(
(

h

Eyi (q,t)q}j”

)
)
)
)
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v\ (g.t) for each point | X,

\

in the system. Note that all of the |“v

X;

terms are zero as will be shown.

ez, | @l m

9rraz STFA( )qTFAI:IaZ

for r=4,5,6
for r=TFAI
for r=TSS1
for r=TFA2
for r=TSS2
otherwise
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FoX xr? for r=4,5,6
ST (TwrFlexL)qypy,, +S)3" (TwrFlexL)qTFM]az for r=TFAI
Sr

a, =[S )
a,—| S/ (TwrFlexL)qyss, +S)5° (TwrFlexL) gy, |a, — for r=TSSI
' ' [STFA (TwrFlexL)qy,, +S,," (TwrFlexL) qm”]az Jor r=TFA2
a, =[S )
0

ST¥ (TwrFlexL) g, +S15° (TwrFlexL qus1]“2 for r=TSS2

otherwise

r U Eo {E@N@@ (for r=4,5,...,11
="yl + 0

otherwise

Ev & o+{E£VKrm (for r=4,5,...11

0

o ev |Tofxr™ for r=4,5,..12
vr + .
0 otherwise

| The equations for|“v™"| and “v™"[are similar.

EP_EV | Ew,RX"VP for r=4,5,...,12
"o otherwise
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wa’erQ for r=4,5,..., 14

Eyl = EyP 0Pl xr™  for r=Teet
0 otherwise
Ey2 =9
Eer x r2¢ for r=4,5,..., 14
Eye =Eye 1o Pl xr®  for r=Teet
0 otherwise
Fye=0

Eawf xr? (r) Jor r=4,5,...,14

IBI(r)jIBI—'_l//fI(r)ij_I:Sﬁl(r)quFl+SIB21(r)qBIF2+Sg1(r)quElj|j_fl Sor r@
E Sl(r):E o, ¢fl(r)jf1+l//fl(r)jfl—I:Sf;l(r)quEl+SZI(F)qBIF2+Sg1(r)quFijl for r=BIEI
ZBI(V)LBI+V/fl(r)jfl_[SZI(F)QMM+S132](’”)q311=1+S;](”)CIBJEJ]J.£I for r=BIF2

Eawg, xr?' (r) Jor r=Teet
0 otherwise|

EyS1(r)=0]

’The equations for “v*’ (r) and |£v¥? (r) are similar.

EW _ELO L E@fv@@ (for r=4,5,..., 11
’ e

ByW =



14

E_A 1
, er
E_ I _ E_W E_A Wi
vr - vr + wTFrlxr
0
E_1
v, =0
E_ A
wr erJ
E_J E_W E__A wJ
vr =y + wTFrer
0
E_J
v, =0
E_A WK
wr Xr
E K _E_W E_A WK
v, =V aF Drpy XF
0

for r=4,5,...,11
for r=TFrl

otherwise

for r=4,5,...,11
for r=TFrl

otherwise

for r=4,5,...,11
for r=TFrl

otherwise

Jason Jonkman
FASTKinematics.doc
1/13/2025



Jason Jonkman
FASTKinematics.doc
1/13/2025

15

4Angula.nAccelerations \ ‘

22
Recall that:| “a™ (§.4.q.t) (ZE Ni j }L[Z%(E Y (q. t))q }L%(E Y (q. t)) for each rigid body xN"’ in the system. Note that the
|

=1 1

N 7=1

N

j (E Ni ) terms are all vector functions of ( ,t) and that all of the di( ol ") terms are zero as will be shown.
¢ t

|

d EwaEwF(h) for r=7,8,...,10
dt 0 otherwise

d

E[wa(h)}=0

d(E B)= Ewawa for r=7,8,...,10

ds " 0 otherwise

d

(Fe?)=0

@(@ N):i(s 3)+ fo x oy,
* @t M
(e j=o
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d(EwR) i(EwN)+{EwaEwﬁF,, for r=RFrl

dts ) ar i 0 otherwise
d E_ R
—("w, )=0

y p fo*x*wg,,, for r=Gedz
(EwL)— (Ea)R)+ fo*x*wy . for r=DrTr

0 otherwise
G lrat)=0
)= o) e
%(wa’ )=0

0" x"wp, (r) for r=BIFI
Lo (r)]= (b)) @ > @) for r=BIE]
&y fo" x"wp, (r) for r=BIF2

0 otherwise

<o (r)]=0

 The equations for %[wa‘” (r | and il—Ewm (r)]
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E R E_G

for r=GeAz

otherwise

for r=TFrl

otherwise
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|Linear Accelerations:|

r=1 r=1
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t

. 000001

terms are all vector functions of (q,q,t) and that all of the i( EypXi ) terms are zero as will be shown.

t

’ ‘dt

L

|

—|+%(va.< (q,t)) for each point| X, in the system.

22 22
Recall that:| “a™ (G,¢,q.1) = (Z EypXi (q,t)qr}{Z%(Evai (‘I:t))%

|

\
Note that the i(E vX")
dt

|

G("0)=0
=0

otherwise

i(w)_{‘fmfx(%xw")
(

VT (h)+ Fa xr”T (k)]

1) s + 157 () s |, + 0 x Evipy (h)
Vdrss: + S5 (1) drss |a, + Fe0™ x “vigg, (h)
)

)

q.TFAZ +SIZFA (h)q.TFAIJaZ + EwX X EV;FAZ (h)

for r=4,5,6
for r=TFAl
for r=TS8S1
for r=TFA2
for r=TS8S2
otherwise
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Ewrxx(xv0+Ewarzo) for r=4,56
| ST (TwrFlexL) Gy, + ST (TwrFlexL) gy, |y + "™ x "vg,,  for r=TFAI
d (E 0) —[SITISS (TwrFlexL) g, + S5 (TwrFlexL)qTSSZ:'az + P x i,  for r=TSSI
= (Ev0)=
@t —[SZTfA (TwrFlexL)qy, +S;," (TwrFlexL)qTFA1]a2 +fo* x50, for r=TFA2
—[SSS (TwrFlexL) s, +S;5° (TwrFlexL)qTSS]]az + 0¥ x Py, for r=TSS2
0 otherwise
d
4 1)
Fol x(EwarOU) for r=4,56
i(EvU)=i Ev0)+ i(EwN)xr0U+ Ewa(EwarOU) for r=7,8,..., 11
et " odtt T et ' ’
0 otherwise
d
2=
Fo x(EwarOV) for r=4,5,6

d(EvV) d

et T dt

+ i(EwN)xr"V.pEw:Vx(EwarOV) for r=7,8,..., 11

r

dt
0 otherwise
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. d
The equations for|—
The eq —

Z
di

Eerx(EwarVD) for r=4,5,6

A d(Eer)erD+wa><(EwarVD) for r=7,8,...,12

dt
0 otherwise

d —
Ev,'MU) —(Ev,’MU) are similar

dt

Eerx(EwarVP) for r=4,5,6

+ d(EwR)erPJrwax(EwarVP) for r=7,8,...,12

r

dt
0 otherwise
wa’x(EwarPQ) for r=4,5,6

L
d
E(Ewga)xr”9+Ewgetx(EwarPQ) for r=Teet
0 otherwise

d(waI)erQ+wa'x(EwarPQ) for r=78,...,14

Jason Jonkman
FASTKinematics.doc
1/13/2025



21

d d
()= (2)+
%(Evf):0

. d
The equations for|—
[The eq ol

wa'x(EwarQC) for r=4,5,6

d g u oc ,\ E_H _(E_H_ 0C

—( "o )xr* + "o x| "o xr or r=7,8,..., 14
(o) 7 )

d

E(wam)erC+Ewgetx(EwarQC) for r=Teet

0 otherwise

Eof <[ "y (r)+ Fo xr® (r)]

) (1) Flf [ M (1) + F ()]
(S5 (7 aprrs + S5 (7)dgirs + S5 (F)dpses |35+ F0" x Fviy,
Viprer + S5 () agies + S5 (F)dprr |3+ 0™ x Fvihy,
[ S5 (P aprrs + S5 () iy + S5 (7)dpses |35+ F0" < v,

i(waeet)XrQSI (r)+ Ew;{eetx[Hvsz (r)+ E ) H o 4051 (r)}

55 ()] and £ #92* () e similar)

for r=4,5,6

for r=7,8,...,14

(r) for r=BIFI
(r) for r=BIEI
(r) for r=BIF2

for r="Teet

otherwise

Jason Jonkman
FASTKinematics.doc
1/13/2025



22

di

(%)

E v, )+
)
0
%(EV,W)+
0

E__N E__N
, x( (0] erW)

for r=4,5,6

d E_ N ow E N E N ow
—( "o )xr”" + "o x( "o xr or r=7,8,..., 11
dt ( r ) r ( ) f

0 otherwise

Ew:lx(EwarWl)

d E_ A wI E_ A E_ A wI
;( a)r)xr + wrx( o' xr )
t

d

E(Ew;'m)xrm+Ew;'F,,><(EwarW’) for r=TFrl
0 otherwise

for r=4,5,6

for r=7,8,...,11

Ew:‘x(EwarWJ) for r=4,5,6

(Ew:‘)erJJrEw:‘x(EwarWJ) for r=7,8,..., 11
(E Ar)erJ+Ew;’Fﬂ><(EwarWJ) for r=TFrl

otherwise
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Ew:'x(EwarWK) for r=4,56
d (E K) d (E W) %(Ew:’)erK+Eerx(EwarWK) for r=78,...,11
—( v )=—("v, )+
a a %(Ew;‘m)xr”+Ew;'Frl><(Ea)A><rWK) for r=TFrl
0 otherwise
()=



