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There are several points on a 2-bladed turbine: Z (platform reference), Y (platform mass center), T (tower node), O (tower-top / base-plate / yaw
bearing mass center), U (nacelle mass center), V (arbitrary point on rotor-furl axis), W (arbitrary point on tail-furl axis), D (center of mass of
structure that furls with the rotor [not including rotor]), IMU (nacelle inertial measurement unit), P (teeter pin), SG [shaft strain gage location: i.e., a
point on the shaft a distance ShftGagL towards the nacelle from point P (or point Q for a 3-blader since point P does not exist)], Q (apex of coning
angle), C (hub mass center), S1 (blade node for blade 1), S2 (blade node for blade 2), I (tail boom mass center), J (tail fin mass center), and K (tail fin
center-of-pressure). There are also several reference frames: E (earth / inertial), X (platform / tower base), F (tower element body), B (tower-top /
base plate), N (nacelle), R (structure that furls with the rotor—generator housing, etc...), L (low speed shaft on rotor end of LSS-compliance), H (hub
/ rotor), M1 (blade 1 element body), M2 (blade 2 element body), G (fixed in the high speed shaft / generator), and A (tail). The following are
derivations of the position vectors, angular velocities, linear velocities, partial angular velocities, partial linear velocities, angular accelerations, and
linear accelerations of all these points on the 2-bladed turbine (point SG’s velocities and accelerations are not derived since they wont be used in the
ensuing analysis). The velocities and accelerations of points on a 3-bladed turbine are very similar.

Position Vectors:
r? =qg,2,+ 4,2, — 45,3 (relative to the ground)

r? =(PtfmRe [ — PtfmCM )a,

r’t (h) = [¢1TFA (h)qTFAI + 2TFA (h)qTFAZ:IaI

] STFA h qZ +STFA h qZ +2sTFA h q q
+4h+ Ptfin Re f — TwrDraft + TwrRBHt - 11 (TS)S TFAI 2 22 (TSZ TFA2 2 12 (TSS) 1FAI9TFA2 )
2 +8}; (h)QTSSI +5,, (h)QTssz +25); (h)qTSSJqTSSZ

+[ - (h)qTSS] +¢, (h)qTSSZ:'a3

where,
B TFA (1Y dd™ (B!
S (h)= I{)h 49 dhgh ) ¢jdh(’ )}dh’ (i,j=12) (which is symmetric)
and _
B IS (h\ dd™s (h'
S (h) = J‘Oh d¢'dh('h ) ¢jdh(’ ):ldh’ (i,j=12) (which is symmetric)

Note limits on /: 0 < h <TowerHt + TwrDraft — TwrRBHt = TwrFlexL
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= REriPntxnd, + RFriPntznd , — RFriPntynd 3
#11  (NCIMUsn~RFviPnien) o+ (NeIMUzn RFviPzn) o, —(NeIMUyn ~ RFviPngyn)
77 < RFviPntnf, +(Far 2541~ RFviPni) = (Kaw2 it REviPmm) + Overfane,
r° = ShfiGagLe,
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Sigl(r)zj-r d¢i31(r’) d¢f1 (r’) . dz//f”(r’) dl//fl(r’)
v 0 dr’ dr' dr' dr'

and the twisted shape functions are defined as follows:

}dr’ (i, j=12,3 ) (which is symmetric)

r r'd2¢BlF ! , r r’d2¢B/F ! ., , '
IBI(I’)=}[{_{[T()COS[Q?(F”)]CZF”}Q]F 5 l//fj(r)=—£{£ 217’”5 )Sln[é?fl(r )]dr }dr )

r r’d2¢BIF ! r r’d2¢BIF ! ., , ’
¢ZBI(F)=}[{'{[;}/T()cos[efl(r")]dr”}dr’, l//fl(l”)=—£{}[ ;Zr”g )szn[HSB](r )Jdr }dr A

r r'd2¢BIE ! ) r r’d2¢BlE ! ., ., ,
f’(r):!{_{[;ﬁ/—ﬂg)sm[ﬁf’(r”)]dr”}dr' , and V/fj(r)=£{£T()cos[Qfl(r )]dr }a’r

The equation for r* (r) is similar. 2
Note limit on 7: 0 < r <TipRad — HubRad = BldFlexL >

r® =TFriPntxnd, + TFrlPntznd,, — TFriPntynd, 4
= (BoomCMxn — TFrantxn) tf, + (BoomCMzn - TFrantzn) tf, — (BoomCMyn — TFrantyn) tf, >
= (TFinCMxn — TFrantxn)tf, + (TFinCMzn - TFrantzn)tfz — (TFinCMyn —TFWPntyn)tf3

P = (TFinCPxn —TFrantxn)tf, + (TFinCPzn —TFrle‘zn)tfz — (TFinCPyn —TFrl7Pntyn)tf3
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Linear Velocities: 1
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B H _EglL f, for r=Teetl
! " 10  otherwise
EwH :0
du®! dd’! 2
_ W]d (7") jIBI+ ¢Id (7") jfl fOl" V:BIFI
r ¥
dw? (r do® (r
E M1 (r):EwH+ - l//zlr( )le1+ ¢3dr( )jfl for r=BIEI
d Bl d Bl
1) i 48 e
dr dr
0 otherwise
fo (r)=0

The equations for “!” (r) and “" (r) are similar. 3

E,G _ Eg R, GenDir-GBRatioc, for r=Gedz *
0 otherwise

. =

r r

Egd _ EgyN 4 tfa for r=TFrl
0 otherwise
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for r= 4,5,...,141
for r=Teet
otherwise

for r=4,5,..,14
for r=Teet

otherwise
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9 (20) =L (23)4 {70 ¥ Ol Sor 7 =R :
dt dt 0 otherwise
d E _R
—( ", )=0

y y fo*x*wg,,, for r=Gedz
(EwL) (Ea)R)+ fo*x*w} . for r=DrTr

arh )T g ,

0 otherwise
< (rot)=0
4 ey L (egp) [P0l for = Tem
dt dt 0 otherwise
L wa’)=0
dt

Fo" x"wp, (r) for r=BIFI
e (r)]= (b)) @ > @) for r=BIE]
dt Bt se Ewgllln (r) for r=BIF2

0 otherwise
d
gl e (n)]=0

. d d . 2
The equations for E[E o™ (r)] and E[ EwM? (r)] are similar.
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E R _E_G

for r=GeAz

otherwise

for r=TFrl

otherwise
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0
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dt
0

TwrFlexL) gy, +S)3" (TwrFlexL)qTFA1]a2 +f0* x50, for

TwrFlexL) Gy, +S)5° (TwrFlexL)qTSSZJaz + P x Byl for
TwrFlexL)c}TFAZ +S0 (TwrFlexL)qTFA1]a2 +f0* x 0., for

TwrElexL) G e, + S5y (TwrFlexL)q'TSSIJaZ +fo* x o,  for

for r=4,5,6
r=TFAl
r=T78S1
r=TFA2
r=T7S8S2

otherwise

for r=4,5,6

i(EwN)xr0U+Ew:Vx(EwarOU) for r=7,8,...,11

otherwise

for r=4,5,6

d(wav)er+waVx(Ewar0V) for r=7,8,...,11

otherwise
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